arXiv:1509.00797vl [math.HO] 2 Sep 2015 


The Riemann Hypothesis over Finite Fields 

From Weil to the Present Day 

James S. Milne 
September 3, 2015 


Abstract 

The statement of the Riemann hypothesis makes sense for all global fields, not just 
the rational numbers. For function fields, it has a natural restatement in terms of the 
associated curve. Weil’s work on the Riemann hypothesis for curves over finite fields 
led him to state his famous “Weil conjecmres”, which drove much of the progress in 
algebraic and arithmetic geometry in the following decades. 

In this article, I describe Weil’s work and some of the ensuing progress: Weil coho¬ 
mology (etale, crystalline); Grothendieck’s standard conjectures; motives; Deligne’s 
proof; Hasse-Weil zeta functions and Langlands functoriality. 

It is my contribution to the book “The legacy of Bernhard Riemann after one 
hundred and fifty years”, edited by S.T. Yau et al. 
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A global field K of characteristic p is a field finitely generated and of transcendence 
degree 1 over Fp. The field of constants k of A' is the algebraic closure of ¥p in K. Let be 
an element of K transcendental over k. Then 

C(/:,5) = n —— 

^ lip 1 -Np-^ 

where p runs over the prime ideals of the integral closure of k[x] in K and Np = \ GkIp\, 
we also include factors for each of the finitely many prime ideals p in the integral closure of 
not corresponding to an ideal of The Riemann hypothesis for K states that the 
zeros of l^{K,s) lie on the line = 1/2. 

Let C be the (unique) nonsingular projective over k with function field is K. Let 
denote the finite field of degree n over k, and lef denofe the number of points of C rational 
over kn : 

Nn = \C{kn)\. 
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The zeta function of C is the power series Z{C,T) G Q[[T]] such that 

dlOgZ{C,T) _ yioc rj.n-1 
dT " 

This can also be expressed as a product 

T) — I _ jdeg(P) 

where P runs over the closed points of C (as a scheme). Each P corresponds to a prime ideal 
p in the preceding paragraph, and Np = where q = \k\. Therefore 

aK,s)=Z{C,q-^). 

Let g be the genus of C. Using the Riemann-Roch theorem, one finds that 

P{C,T) 


z(c,r) = - 


il-T)il-qT) 


where 


Pic, T) = l+ciT + --- + C2gT^s £Z[T]- 
moreover Z{C,T) satisfies fhe functional equation 

ZiC,l/qT)=q^-s ■T^-'^s .ziC,T). 

Thus {K, s) is a rational funclion in q~^ wifh simple poles af 5 = 0, 1 and zeros af ai,..., a 2 g 
where fhe a,- are fhe inverse roofs of P{C,T), i.e., 

P{C,T)=Yfl^{l-aiT), 

and if safisfies a funcfional equafion relating l^{K,s) and {K, 1 — 5 ). The Riemann hypofhe- 
sis now asserfs fhaf 

1 


Nofe fhaf 


and so 


iogz(c,r) = 


T1 


Nn — 1 + <7” ~ (r?” + • • • + • 

Therefore, fhe Riemann hypofhesis implies fhaf 

\Nn-cf'-l\<2g-iq”yl\ 


conversely, if fhis inequalify holds for all n, fhen fhe Riemann hypofhesis holds for C.^ 
* The condition implies that the power series 


y2g 1 

1 — an 


ELo E- 




converges for |z| < q ^1'^, and so |a,| < for all i. The functional equation shows that qja, is also a root of 
P(C,T), and so |a,| = 
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The above is a brief summary of the results obtained by the German school of number 
theorists (Artin, RK. Schmidt, Deuring, Hasse,....) by the mid-1930s. In the 1930s Hasse 
gave two proofs of the Riemann hypothesis for curves of genus 1, the second of which 
uses the endomorphism ring of the elliptic curve^ in an essential way (see the sketch 
below). Deuring recognized that for curves of higher genus it was necessary to replace the 
endomorphism ring of the curve with its ring of correspondences in the sense of Severi 1903, 
and he wrote two articles reformulating part of Seven’s theory in terms of “double-fields” (in 
particular, extending it to all characteristics). Weil was fully aware of these ideas of Deuring 
and Hasse (Schappacher 2006). For a full account of this early work, see the article by Oort 
and Schappacher in this volume. 

The proof of the Riemann hypothesis for elliptic curves 

For future reference, we sketch the proof of the Riemann hypothesis for elliptic curves. Let 
E be such a curve over a field k, and let a be an endomorphism of E. For i / char (A:), the 
Z^-module T^E = lim ^^£'£/.(k^*) is free of rank 2 and a acts on it with determinant deg a. 
Over C this statement can be proved by writing F = C/A and noting that T^E ~ (g)^ A. 

Over a field of nonzero characteristic the proof is more difficult — it will be proved in a 
more general setting later (1.21, 1.26). 

Now let a be an endomorphism of E, and let T^ + cT + dh& its characteristic polynomial 
on TiE: 

T^+cT + d = det(r - a\TgE). 

Then, 


d = det(—alr^F) = deg(a) 

1 +c + <i = det(id£’ —a\TiE) = deg(id£ —a), 

and so c and d are integers independent of 
For an integer n, let 

T’^+c'T + d'= d&t{T-na\TiE). (1) 

Then c' = nc and d' = n^d. On substituting m for T in (1), we find that 

+cmn + dn^ = Aet{m — na\TiE). 

The right hand side is the degree of the map m — na, which is always nonnegative, and so 
the discriminant — 4d < 0, i.e., < 4d. 

We apply these statements to the Frobenius map n: [xq: x\: ...) i—)■ (xq : Xj: ...). The 
homomorphism id^ —7i:E^Eis etale and its kernel on E (^^*) is E (k), and so its degree is 
|£'(A:)|. Let f = T^ + cT -\-d he the characteristic polynomial of n. Then d = deg(7r) = q, 
and c2< 4d = 4q. From 

\E{k)\ =deg(id£-7r) = det(id£-Trlr^F) =/(l) = l+c + ^, 

we see that 

||£(k)|-^-l| = |c|<2^^/^ 

as required. 

^F.K. Schmidt (1931) showed that every curve over a finite field has a rational point. The choice of such a 
point on a curve of genus 1 makes it an elliptic curve. 
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1 Weil’s work in the 1940s and 1950s 

The 1940 and 1941 announcements 

Weil announced the proof of the Riemann hypothesis for curves over finite fields in a brief 
fhree-page nofe (Weil 1940), which begins wifh fhe following paragraph: 

I shall summarize in fhis Nofe fhe solution of fhe main problems in fhe fheory of 
algebraic funcfions wifh a finife field of consfanfs; we know fhaf fhis fheory has 
been fhe subjecf of numerous works, especially, in recenf years, by Hasse and 
his sfudenfs; as fhey have caughf a glimpse of, fhe key fo fhese problems is fhe 
fheory of correspondences; buf fhe algebraic fheory of correspondences, due fo 
Severi, is nof sufficienf, and if is necessary fo exfend Hurwifz’s franscendenfal 
fheory fo fhese funcfions.^ 

The “main problems” were fhe Riemann hypofhesis for curves of arbifrary genus, and Arfin’s 
conjecfure fhaf fhe (Arfin) L-funcfion affached fo a nonfrivial simple Galois represenfafion is 
enfire. 

“Hurwifz’s franscendenfal fheory” refers fo fhe memoir Hurwifz 1887, which Weil had 
sfudied already as a sfudenf af fhe Ecole Normale Superieure. There Hurwifz gave fhe firsf 
prooT^ of fhe formula expressing fhe number of coincidenf poinfs of a correspondence X on 
a complex algebraic curve C in ferms of fraces. In modern ferms, 

(number of coincidences) = Tr(A|//o(C,Q)) — Tr(X|//i (C,Q)) + Tr(A|// 2 (C,Q)). 

This can be rewritten 


(X • A) = d 2 {X) -Tx{X\Hi (C)) + di (X) (2) 

where <ii(X) = (X - C x pf) and d 2 {X) = (X -pf x C). 

Now consider a nonsingular projecfive curve Cq over a field wifh q elemenfs, and lef 
C be fhe curve over fhe algebraic closure k of ko obfained from C by exfension of scalars. 
For fhe graph of fhe Frobenius endomorphism n of C, fhe equalify (2) becomes 

(r;,-A) = l-“Tr(7 r|//i(C))” + ^. 

As (r^i: - A) = |Co(ko)|, we see fhaf everyfhing comes down fo undersfanding algebraically 
(and in nonzero characferisfic!), fhe “frace of a correspondence on fhe firsf homology group 
of fhe curve”. 

Fef g be fhe genus of Cq. In his 1940 nofe,^ Weil considers fhe group G of divisor classes 
on C of degree 0 and order prime fo p, and assumes fhaf G is isomorphic fo (Q/Z(non-p))^^. 

^ Je vais resumer dans cette Note la solution des principaux problemes de la theorie des fonctions algebriques 
a corps de constantes fini; on salt que celle-ci a fait I’objet de nombreux travaux, et plus particulierement, dans 
les demieres annees, de ceux de Hasse et de ses eleves; comme ils font entrevu, la theorie des correspondances 
donne la clef de ces problemes; mais la theorie algebrique des correspondances, qui est due a Severi, n’y suffit 
point, et il faut etendre a ces fonctions la theorie transcendante de Hurwitz. 

^As Oort pointed out to me, Chasles-Cayley-Brill 1864, 1866, 1873, 1874 discussed this topic before Hurwitz 
did, but perhaps not “in terms of traces”. 

^In fact, following the German tradition (Artin, Hasse, Deuring,...), Weil expressed himself in this note in 
terms of functions fields instead of curves. Later, he insisted on geometric language. 
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A correspondence^ A on C defines an endomorphism of G whose trace Weil calls the trace 
Tr(A) of X. This is an element of which nowadays we prefer to define as the trace 

ofAonrG = lim, ^ 

T-(n,p)=i 

After some preliminaries, including the definition in this special case of what is now 
called the Weil pairing, Weil announces his “important lemma”: let X he an {mi,m 2 ) 
correspondence on C, and let X' he the (m 2 ,mi)-correspondence obtained hy reversing the 
factors; 

if mi = g, we have in general (i.e., under conditions which it is unnecessary to 
make precise here) 2m2 = Tr{X oX').^ 

From this he deduces that, for all correspondences X, the trace Tr(A o A') is a rational integer 
> 0 and that the number of coincident points of A is mi + m 2 — Tr(A). On applying these 
statements to the graph of the Frobenius map, he obtains his main results. 

At the time Weil wrote his note, he had little access to the mathematical literature. 
His confidence in the statements in his note was based on his own rather ad hoc heuristic 
calculations ((Euvres, I, pp.548-550). As he later wrote: 

In other circumstances, publication would have seemed very premature. But 
in April 1940, who could be sure of a tomorrow? It seemed to me that my 
ideas contained enough substance to merit not being in danger of being lost.^ 
((Euvres I, p.550.) 

In his note, Weil had replaced the Jacobian variety with its points of finite order. But he 
soon realized that proving his “important lemma” depended above all on intersection theory 
on the Jacobian variety. 

In 1940 I had seen fit to replace the Jacobian with its group of points of finite 
order. But I began to realize that a considerable part of Italian geometry was 
based entirely on intersection theory... In particular, my “important lemma” of 
1940 seemed to depend primarily on intersection theory on the Jacobian; so this 
is what I needed.((Euvres I, p.556.) 

®Seep.lO. 

^In terms of the Jacobian variety J of C, which wasn’t available to Weil at the time, TG = Y\i^p TT and the 
positivity of Tr(A oX') expresses the positivity of the Rosati involution on the endomorphism algebra of J. 

^si mi = g, on a en general (c’est-a-dire a des conditions qu’il est inutile de preciser ici) 2m2 = Tr(X oX'). 

®“En d’autres circonstances, une publication m’aurait paru bien prematuree. Mais, en avril 1940, pouvait-on 
se croire assure du lendemain? II me sembla que mes idees contenaient assez de substance pour ne pas meriter 
d’etre en danger de se perdre.” This was seven months after Germany had invaded Poland, precipitating the 
Second World War. At the time, Weil was confined to a French military prison as a result of his failure to report 
for duty. His five-year prison sentence was suspended when he joined a combat unit. During the collapse of 
France, his unit was evacuated to Britain. Fater he was repatriated to Vichy France, from where in January 1941 
he managed to exit to the United States. Because of his family background, he was in particular danger during 
this period. 

*®En 1940 j’avais juge opportun de substituer a lajacobienne le groupe de ses points d’ordre fini. Mais je 
commengais a apercevoir qu’une notable partie de la geometrie italienne reposait exclusivement sur la theorie 
des intersections. Les travaux de van der Waerden, bien qu’ils fussent restes bien en de^a des besoins, donnaient 
lieu d’esperer que le tout pourrait un jour se transposer en caracteristique p sans modification substantielle. En 
particulier, mon “lemme important” de 1940 semblait dependre avant tout de la theorie des intersections sur la 
jacobienne; c’est done celle-ci qu’il me fallait. 
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In expanding the ideas in his note, he would construct the jacohian variety of a curve 
and develop a comprehensive theory of ahelian varieties over arbitrary fields parallel to 
the transcendental theory over C. But first he had to rewrite the foundations of algebraic 
geometry. 

In the meantime, he had found a more elementary proof of the Riemann hypothesis, 
which involved only geometry on the product of two curves. First he realized that if he used 
the fixed point formula (2) to define the trace CJ(X) of a correspondence X on C, i.e., 

a{X)=dx{X) + d2{X)-{X-A), 

then it was possible to prove directly that a had many of the properties expected of a trace 
on the ring of correspondence classes. Then, as he writes (CEuvres I, p.557): 

At the same time I returned seriously to the study of the Trattato [Seven 1926]. 

The trace a does not appear as such; but there is much talk of a “difetto di 
equivalenza” whose positivity is shown on page 254. I soon recognized it as 
my integer o{X oX') ... I could see that, to ensure the validity of the Italian 
methods in characteristic p, all the foundations would have to be redone, but 
the work of van der Waerden, together with that of the topologists, allowed me 
to believe that it would not be beyond my strength. ^' 

Weil announced this proof in (Weil 1941). Before describing it, I present a simplified modern 
version of the proof. 

Notes. Whereas the 1940 proof (implicitly) uses the Jacobian J of the curve C, the 1941 proof 
involves only geometry on C x C. Both use the positivity of “(7 (A oX')” but the first proof realizes 
this integer as a trace on the torsion group Jac(C)(non-p) whereas the second expresses it in terms of 
intersection theory on C x C. 


The geometric proof of the Riemann hypothesis for curves 

Let F be a nonsingular projective surface over an algebraically closed field k. 

Divisors 

A divisor on V is a formal sum D = with n,- G Z and C, an irreducible curve on V. We 
say that D is positive, denoted D > 0, if all the n,- > 0. Every / G kiVf has an associated 
divisor (/) of zeros and poles — these are the principal divisors. Two divisors D and D' are 
said to be linearly equivalent if 

D' = D + {f) some fek{Vf. 

For a divisor D, let 

L{D) = {fek{V)\{f)+D>0}. 

Then L{C) is a finite-dimensional vector space over k, whose dimension we denote by I{D). 
The map gt-^ gf is an isomorphism L{D) —)> L(D —(/)), and so 1{D) depends only on the 
linear equivalence class of D. 

*^En meme temps je m’etais remis serieusement a I’etude du Trattato. La trace a a n’y apparait pas en tant 
que telle; mais il y est fort question d’un “difetto di equivalenza” dont la positivite est demontree a la page 
254. J’y reconnus bientot mon entier atyfi)... Je voyais bien que, pour s’assurer de la validite des methodes 
italiennes en caracteristique p, toutes les fondations seraient a reprendre, mais les travaux de van der Waerden, 
joints a ceux des topologues, donnaient a croire que ce ne serait pas au dessus de mes forces. 
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Elementary intersection theory 

Because V is nonsingular, a curve C on E has a local equation at every closed point P of V, 
i.e., there exists an / such that 

C = (/) + components not passing through P. 

If C and C' are distinct irreducible curves on V, then their intersection number at P G CnC' 
is 

(C-C')p = dim,(^y,p/(/,/)) 

where / and f are local equations for C and C' at P, and their (global) intersection number 
is 

(C.C')= I (C-Op. 

PGCnc' 

This definition extends by linearity to pairs of divisors D,D' without common components. 
Now observe that ((/) • C) = 0, because it equals the degree of the divisor of f\C on C, 
and so (D • D') depends only on the linear equivalence classes of D and D' . This allows us 
to define {D D') for all pairs D,D' by replacing D with a linearly equivalent divisor that 
intersects D' properly. In particular, (D^) = (D -D) is defined. See Shafarevich 1994, IV, §1, 
for more details. 

The Riemann-Roch theorem 

Recall that the Riemann-Roch theorem for a curve C states that, for all divisors D on C, 

l{D)-l{Kc-D)=degiD) + l-g 

where g is the genus of C and Kc is a canonical divisor (so deg Kc = 2g — 2 and l{Kc) = g). 
Better, in terms of cohomology, 

;^(^(D)) = deg(D) + ;^(^) 
h\D) = h^{Kc-D). 

The Riemann-Roch theorem for a surface V states that, for all divisors D on V, 

I (D) -sup{D) + l{Kv-D)=pa + l + ^{D-D-Kv) 

where Ky is a canonical divisor and 

Pa = Z{^) ~ ^ (arithmetic genus), 
sup(D) = superabundance of D ( > 0, and = 0 for some divisors). 

Better, in terms of cohomology, 

XmD))=x{^v) + \{D-D-K) 
h^{D)=h^{K-D), 

and so 

sup(D) = h^{D). 

We shall also need the adjunction formula: let C be a curve on E; then 

Kc = {Kv+C)-C. 
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The Hodge index theorem 

Embed T in P". A hyperplane section of T is a divisor of the form H = V OH' with H' a 
hyperplane in P” not containing V. Any two hyperplane sections are linearly equivalent 
(obviously). 

Lemma 1.1. Eor a divisor D and hyperplane section H, 

1{D)>1 ^ {D-H)>0. (3) 

Proof. The hypothesis implies that there exists a Di > 0 linearly equivalent to D. If the 
hyperplane H' is chosen not to contain a component of Di, then the hyperplane section 
H = V OH' intersects Di properly. Now Di OH = Di OH', which is nonempty by dimension 
theory, and so (Di • //) > 0. □ 


Theorem 1.2 (Hodge Index Theorem). Eor a divisor D and hyperplane section H, 

{D-H)=0 (D-D) <0. 


Proof. We begin with a remark: suppose that /(D) > 0, i.e., there exists an / 7^ 0 such that 
(/) + D > 0; then, for a divisor D', 

liD + D') = l{{D+{f))+D')>l{D'). (4) 

We now prove the theorem. To prove the contrapositive, it suffices to show that 

(D-D) >0 I{mD) > I for some integer m, 


because then 


(D-d) = -{mD-H)^0 
m 


by (3) above. Hence, suppose that (D-D) > 0. By the Riemann-Roch theorem 

I {mD) +1 {Ky — niD) > ^ + lower powers of m. 

Therefore, for a fixed mo > 1, we can find an m > 0 such that 


/(mD) + / {Ky — mD) > mo + 1 
l{—mD) + 1[Ky + mD) > mo + 1. 


If both /(mD) < I and /(—mD) < I, then both l{Ky — mD) > mo andl{Ky + mD) > mo, and 
so 

(4) 

/ {2Ky) = I {Ky — mD + Ky + mD) > l{Ky + mD) > mo. 

As mo was arbitrary, this is impossible. □ 


Let 2 be a symmetric bilinear form on a finite-dimensional vector space W over Q (or 

M). There exists a basis for W such that Q{x,x) = aixf H-The number of a,- > 0 is 

called the index (of positivity) of 2 — it is independent of the basis. There is the following 
(obvious) criterion: Q has index 1 if and only if there exists an x G T such that Q{x ,x) > 0 
and Q{y,y) < 0 for all y G (x)-'-. 
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Now consider a surface V as before, and let Pic(V) denote the group of divisors on V 
modulo linear equivalence. We have a symmetric bi-additive intersection form 

Pic(l/) X Pic(P) ^ Z. 

On tensoring with Q and quotienting by the kernels, we get a nondegenerate intersection 
form 

N{V)xN{V) 

Corollary 1.3. The intersection form on N{V) has index 1. 

Proof. Apply the theorem and the criterion just stated. □ 

Corollary 1.4. LetD be a divisor on V such that (D^) > 0. If (D ■ D') = 0, then {D'^) < 0. 
Proof. The form is negative definite on {D)^. □ 

The inequality of Castelnuovo-Severi 

Now lake V lo be Ihe produci of Iwo curves, U = Ci x C 2 . Idenlify Ci and C 2 wilh Ihe curves 
Cl X pi and pi X C 2 on V, and note Ihal 

Ci-Ci =0 = C2C2 
CiC2 = 1 = C2Ci. 

Lei D be a divisor on Ci x C 2 and sel di = D Ci and d 2 = D ■ € 2 - 

Theorem 1.5 (Castelnuovo-Severi Inequality). LetD be a divisor on V; then 

(D^) < 2did2. (5) 

Proof. We have 

(Ci+C2)^ = 2>0 

(D - d 2 Ci - diC 2 ) • (Cl -f C 2 ) = 0. 

Therefore, by Ihe Hodge index Iheorem, 

(D-d2Ci-diC2)^ <0. 

On expanding Ihis oul, we find lhal D^ < 2d\d2- □ 

Define Ihe equivalence defecl {difetto di equivalenza) of a divisor D by 

def(D) = 2 did 2 -{D^)> 0. 

Corollary 1.6. LetD, D' be divisors on V; then 


{D ■ D') -did 2 - d 2 d[ I < (def(D)def(D')) . 


(6) 
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Proof. Let m,n On expanding out 

def(mD + nD') > 0, 


we find that 


m^def(D) — 2mn {iJT-D') — did^ — did']) +n^def(D') > 0. 

As this holds for all m, n, it implies (6). □ 

Example 1.7. Let / be a nonconstant morphism Ci — )• Ci, and let g, denote the genus of 
Ci- The graph of / is a divisor Lj on Ci xCi with r /2 = 1 and d\ equal to the degree of /. 
Now 

Krf = {Ky + Ly) • Lj (adjunction formula). 

On using that Ky = Kci xCi+Ci x Kc 2 , and taking degrees, we find fhaf 

2gi - 2 = (ry )2 + (2gi - 2) • 1 + ( 2 g 2 - 2) deg(/). 


Hence 

def(r/) =2g2deg(/). (7) 

Proof of the Riemann hypothesis for curves 

Lef Co be a projective nonsingular curve over a finite field ko, and lef C be fhe curve obfained 
by extension of scalars fo fhe algebraic closure kofko. Lef n be fhe Frobenius endomorphism 
of C. Then (see (7)), def(A) = 2g and def(r;t) = 2gq, and so (see (6)), 

|(A-r;,)-^-i| <2g^i/2_ 


As 

(A • L;;:) = number of poinfs on C rational over ko, 
we obfain Riemann hypofhesis for Cq. 

Aside 1.8. Note fhaf, excepf for fhe lasf few lines, fhe proof is purely geomefric and fakes 
place over an algebraically closed field. This is fypical: sfudy of fhe Riemann hypofhesis 
over finite fields suggesfs questions in algebraic geometry whose resolution proves the 
hypothesis. 

Correspondences 

A divisor D on a product C\ x Ci of curves is said to have valence zero if it is linearly 
equivalent to a sum of divisors of the form C\ x pt and pt x Ci- The group of correspondences 
'io (Cl, C2) is the quotient of the group of divisors on Ci x C2 by those of valence zero. When 
Cl = C2 = C, the composite of two divisors Di and Di is 

Di oD 2 = pi3* {PnDi • P23^2) 

once presented this proof in a lecture. At the end, a listener at the back triumphantly announced that I 
couldn’t have proved the Riemann hypothesis because I had only ever worked over an algebraically closed field. 
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where the pij are the projections CxCxC—)-CxC;in general, it is only defined up to 
linear equivalence. When DoE is defined, we have 

di{DoE) = di{D)di{E), d 2 {D o E) = d 2 {D)d 2 {E), {D-E) = {DoE\A) (8) 

where, as usual, E' is obtained from E hy reversing the factors. Composition makes the 
group ^(C,C) of correspondences on C into a ring M{C). 

Following Weil (cf. (2), p.4), we define the “trace” of a correspondence D on C hy 

o{D)=di{D) + d2{D)-{D-A). 


Applying (8), we find that 

a(DoD') =di{DoD')+d 2 {DoD')-{{DoD')-A) 

= di{D)d2{D) +d2{D)di{D) - (D^) 

= def(D). 

Thus Weil’s inequality a{DoD') > 0 is a restatement of (5). 

Sur les courbes... (Weil 1948a) 

In this short hook, Weil provides the details for his 1941 proof. Fie does not use the 
Riemann-Roch theorem for a surface, which was not available in nonzero characteristic at 
the time. 

Let C be a nonsingular projective curve of genus g over an algebraically closed field 
k. We assume a theory of intersections on C x C, for example, that in Weil 1946 or, more 
simply, that sketched above (p.7). We briefly sketch Weil’s proof that a{DoD') > 0. As we 
have just seen, this suffices to prove the Riemann hypothesis. 

Assume initially that D is positive, that d 2 (D) = g> 2, and that 

D = D\ + • • • + Dg 

with the Di distinct. We can regard D as a multivalued map P^D{P) = {D4P),...,Dg{P)] 
from C to C. Then 


D{k) = {{P,Di{P))\PeC{k), l</<g} 

D'{k) = {{Di{P),P) I P G C(k), 1 < / < g} 

{DoD') (k) = {{Di{P),Dj{P)) I P G C{k), 1 < ij < g}. 

The points with i = j contribute a component Ti = di{D)A to DoD', and 

{Yi-A) = d, (D) (A • A) = d, (D) (2 - 2g). 

It remains to estimate (F 2 • A) where Y 2 = D — Y\. Let Kc denote a positive canonical divisor 
on C, and let {(pi,..., tpg} denote a basis for L{Kc). For P £C{k), let 

^{P)=dtt{(pi{Dj{P)) 

(Weil 1948a, II, n°13, p.52). Then <I> is a rational function on C, whose divisor we denote 
(<I>) = (<I>)o — (‘I’)oo. The zeros of <I> correspond to the points (D,(F),Dj(P)) with D,(P) = 
Dj{P), i / j, and so 


deg(<I>)o = (T 2 -A). 
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On the other hand the poles of <I> are at the points P for whieh Dj{P) lies in the support of 
Kc, and so 

deg(4>)„ <deg(^c)‘^i(0) = {^g-2)di{D). 

Therefore, 

{DoD',A)< di (D) (2 - 2g) + {2g - 2)di (D) = 0 

and so 

a(DoD') =di{DoD')+d2{DoD')-{DoD',A)>2gdi{D)>0. 

Let D he a divisor on C x C. Then D becomes equivalent to a divisor of the form 
considered in the last paragraph after we pass to a finite generically Galois covering V —)• 
C xC (this follows from Weil 1948a, Proposition 3, p.43). Elements of the Galois group 
of k{V) over k{C x C) act on the matrix {(pi{Dj{P)) hy permuting the columns, and so they 
leave its determinant unchanged except possibly for a sign. On replacing <I> with its square, 
we obtain a rational function on C x C, to which we can apply the above argument. This 
completes the sketch. 

Weil gives a rigorous presentation of the argument just sketched in II, pp.42-54, of his 
book 1948a. In fact, he proves the stronger result: a(i§ o^')> 0 for all nonzero ^ ^ M{C) 
(ibid. Thm 10, p.54). In the earlier part of the book, Weil (re)proves the Riemann-Roch 
theorem for curves and develops the theory of correspondences on a curve based on the 
intersection theory developed in his Foundations. In the later part he applies the inequality 
to obtain his results on the zeta function of C, but he defers the proof of his results on Artin 
L-series to his second book.*^ 

Some history 

Let Cl and C 2 be two nonsingular projective curves over an algebraically closed field k. 
Severi, in his fundamental paper (1903), defined a bi-additive form 

o{D,E)=di{D)d2{E) + d2{D)di{E)-{D-E) 

on ‘^(Ci,C 2 ) and conjectured that it is non-degenerate. Note that 

a(D,D) = 2dx {D)d 2 {D) - (D^) = def(D). 

Castelnuovo (1906) proved the following theorem, 

let D be a divisor on Ci x C 2 ; then a{D,D) > 0, with equality if and only if D 
has valence zero. 

'^Serre writes (email July 2015): 

Weil always insisted that Artin’s conjecture on the holomorphy of non-abelian L-functions is on 
the same level of difficulty as the Riemann hypothesis. In his book “Courbes algebriques ... ” 
he mentions (on p.83) that the L-functions are polynomials, but he relies on the second volume 
for the proof (based on the f-adic representations: the positivity result alone is not enough). I 
find interesting that, while there are several “elementary” proofs of the Riemann hypothesis 
for curves, none of them gives that Artin’s L-functions are polynomial. The only way to prove 
it is via £-adic cohomology, or equivalently, f-adic representations. Curiously, the situation is 
different over number fields, since we know several non-trivial cases where Artin’s conjecture is 
true (thanks to Langlands theory), and no case where the Riemann hypothesis is! 

*^In fact, Castelnuovo proved a more precise result, which Kani (1984) extended to characteristic p, thereby 
obtaining another proof of the defect inequality in characteristic p. 
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from which he was able to deduce Severi’s conjecture. Of course, this all takes place in 
characteristic zero. 

As noted earlier, the Riemann Roch theorem for surfaces in characteristic p was not 
available to Weil. The Italian proof of the complex Riemann-Roch theorem rests on a certain 
lemma of Enriques and Severi. Zariski (1952) extended this lemma to normal varieties of 
all dimensions in all characteristics; in particular, he obtained a proof of the Riemann-Roch 
theorem for normal surfaces in characteristic p. 

Mattuck and Tate (1958) used the Riemann-Roch theorem in the case of a product of 
two curves to obtain a simple proof of the Castelnuovo-Severi inequality.*^ 

In trying to understand the exact scope of the method of Mattuck and Tate, Grothen- 
dieck (1958a) stumbled on the Hodge index theorem.'® In particular, he showed that the 
Castenuovo-Severi-Weil inequality follows from a general statement, valid for all surfaces, 
which itself is a simple consequence of the Riemann-Roch theorem for surfaces. 

The proof presented in the preceding subsection incorporates these simplifications. 

Variants 

Igusa (1949) gave another elaboration of the proof of the Riemann hypothesis for curves 
sketched in Weil 1941. Following Castelnuovo, he first proves a formula of Schubert, thereby 
giving the first rigorous proof of this formula valid over an arbitrary field. His proof makes 
use of the general theory of intersection multiplicities in Weil’s Foundations. 

Intersection multiplicities in which one of the factors is a hypersurface can be developed 
in an elementary fashion, using little more that the theory of discrete valuations (cf. p.7). 
In his 1953 thesis, Weil’s student Frank Quigley “arranged” Weil’s 1941 proof so that it 
depends only on this elementary intersection theory (Quigley 1953). As did Igusa, he first 
proved Schubert’s formula. 

Finally, in his thesis (Hamburg 1951), Hasse’s student Roquette gave a proof of the 
Riemann hypothesis for curves based on Deuring’s theory of correspondences for double¬ 
fields (published as Roquette 1953). 

Applications to exponential sums 

Davenport and Hasse (1935) showed that certain arithmetic functions can be realized as the 
traces of Frobenius maps. Weil (1948c) went much further, and showed that all exponential 
sums in one variable can be realized in this way. From his results on the zeta functions 
of curves, he obtained new estimates for these sums. Later developments, especially the 
constmction of £-adic and p-adic cohomologies, and Deligne’s work on the zeta functions of 
varieties over finite fields, have made this a fundamental tool in analytic number theory. 

*^In their introduction, they refer to Weil’s 1940 note and write: “the [Castelnuovo-Severi] inequality is really 
a statement about the geometry on a very special type of surface — the product of two curves — and it is natural 
to ask whether it does not follow from the general theory of surfaces.” Apparently they had forgotten that Weil 
had answered this question in 1941! 

*®“En essayant de comprendre la portee exacte de leur methode, je suis tombe sur I’enonce suivant, connu en 
fait depuis 1937 (comme me I’a signale J.P. Serre), mais apparemment peu connu et utilise.” The Hodge index 
theorem was first proved by analytic methods in Hodge 1937, and by algebraic methods in Segre 1937 and in 
Bronowski 1938. 
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Foundations of Algebraic Geometry (Weil 1946) 

When Weil began the task of constructing foundations for his announcements he was, by 
his own account, not an expert in algebraic geometry. During a six-month stay in Rome, 
1925-26, he had learnt something of the Italian school of algebraic geometry, but mainly 
during this period he had studied linear functionals with Vito Volterra. 

In writing his Foundations, Weil’s main inspiration was the work of van der Waerden,^^ 
which gives a rigorous algebraic treatment of projective varieties over fields of arbitrary 
characteristic and develops intersection theory by global methods. However, Weil was 
unable to construct the Jacobian variety of a curve as a projective variety. This forced him 
to introduce the notion of an abstract variety, defined by an atlas of charts, and to develop 
his intersection theory by local methods. Without the Zariski topology, his approach was 
clumsy. However, his “abstract varieties” liberated algebraic geometry from the study of 
varieties embedding in an affine or projective space. In this respect, his work represents a 
break with the past. 

Weil completed his book in 1944. As Zariski wrote in a review (BAMS 1948): 

In the words of the author the main purpose of this book is “to present a 
detailed and connected treatment of the properties of intersection multiplicities, 
which is to include all that is necessary and sufficient to legitimize the use 
made of these multiplicities in classical algebraic geometry, especially of the 
Italian school”. There can be no doubt whatsoever that this purpose has been 
fully achieved by Weil. After a long and careful preparation (Chaps. I-IV) he 
develops in two central chapters (V and VI) an intersection theory which for 
completeness and generality leaves little to be desired. It goes far beyond the 
previous treatments of this foundational topic by Severi and van der Waerden and 
is presented with that absolute rigor to which we are becoming accustomed in 
algebraic geometry. In harmony with its title the book is entirely self-contained 
and the subject matter is developed ab initio. 

It is a remarkable feature of the book that—with one exception (Chap. Ill) 

—no use is made of the higher methods of modern algebra. The author has made 
up his mind not to assume or use modem algebra “beyond the simplest facts 
about abstract fields and their extensions and the bare rudiments of the theory 
of ideals.” ... The author justifies his procedure by an argument of historical 
continuity, urging a return “to the palaces which are ours by birthright.” But it 
is very unlikely that our predecessors will recognize in Weil’s book their own 
familiar edifice, however improved and completed. If the traditional geometer 
were invited to choose between “makeshift constructions full of rings, ideals 
and valuations”*^ on one hand, and constructions full of fields, linearly disjoint 
fields, regular extensions, independent extensions, generic specializations, finite 
specializations and specializations of specializations on the other, he most 
probably would decline the choice and say: “A plague on both your houses!” 

For fifteen years, Weil’s book provided a secure foundation for work in algebraic 

*^In the introduction, Weil writes that he “greatly profited from van der Waerden’s well-known series of 
papers (published in Math. Ann. between 1927 and 1938)...; from Seven’s sketchy but suggestive treatment of 
the same subject, in his answer to van der Waerden’s criticism of the work of the Italian school; and from the 
topological theory of intersections, as developed by Lefschetz and other contemporary mathematicians.” 

'^Weil’s description of Zariski’s approach to the foundations. 
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geometry, but then was swept away by commutative algebra, sheaves, cohomology, and 
schemes, and was largely forgotten.'^ For example, his intersection theory plays little role in 
Fulton 1984. It seems that the approach of van der Waerden and Weil stayed too close to the 
Italian original with its generic points, specializations, and so on; what algebraic geometry 
needed was a complete renovation. 


Varietes abeliennes et... (Weil 1948b) 

In this book and later work, Weil constructs the Jacobian variety of a curve, and develops a 
comprehensive theory of abelian varieties over arbitrary fields, parallel to the transcendental 
theory over C. Although inspired by his work on the Riemann hypothesis, this work goes 
far beyond what is needed to justify his 1940 note. Weil’s book opened the door to the 
arithmetic study of abelian varieties. In the twenty years following its publication, almost 
all of the important results on elliptic curves were generalized to abelian varieties. Before 
describing two of Weil’s most important accomplishments in his book, I list some of these 
developments. 

1.9. There were improvements to the theory of abelian varieties by Weil and others; see 
(1.19) below. 

1.10. Deuring’s theory of complex multiplication for elliptic curves was extended to 
abelian varieties of arbitrary dimension by Shimura, Taniyama, and Weil (see their talks at 
the Symposium on Algebraic Number Theory, Tokyo & Nikko, 1955). 

1.11. For a projective variety V, one obtains a height function by choosing a projective 
embedding of V. In 1958 Neron conjectured that for an abelian variety there is a canonical 
height function characterized by having a certain quadratic property. The existence of such a 
height function was proved independently by Neron and Tate in the early 1960s. 

1.12. Tate studied the Galois cohomology of abelian varieties, extending earlier results of 
Cassels for elliptic curves. This made it possible, for example, to give a simple natural proof 
of the Mordell-Weil theorem for abelian varieties over global fields. 

1.13. Neron (1964) developed a fheory of minimal models of abelian varieties over local 
and global fields, extending Kodaira’s theory for elliptic curves over function fields in one 
variable over C. 

1.14. These developmenfs made if possible fo sfafe the conjecture of Birch and Swinnerton- 
Dyer for abelian varieties over global fields (Tale 1966a). The case of a Jacobian variety over 
a global function field inspired Ihe conjecture of Artin-Tate concerning the special values of 
the zeta function of a surface over a finite field (ibid. Conjecture C). 

1.15. Tate (1964) conjectured that, for abelian varieties A, B over a field k finitely generated 
over the prime field, the map 

(8)Hom(A,B) ^ Hom(rM, 

*®When Langlands decided to learn algebraic geometry in Berkeley in 1964-65, he read Weil’s Foundations... 
and Conforto’s Abelsche Funktionen... A year later, as a student at Harvard, I was able to attend Mumford’s 
course on algebraic geometry which used commutative algebra, sheaves, and schemes. 
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is an isomorphism. Mumford explained to Tate that, for elliptie eurves over a finite field, 
this follows from the results of Deuring (1941). In one of his most heautiful results, Tate 
proved the statement for all ahelian varieties over finite fields (Tate 1966b). At a key point 
in the proof, he needed to divide a polarization by Z”; for this he was able to appeal to “the 
proposition on the last page of Weil 1948b”. 

1.16. (Weil-Tate-Honda theory) Fix a power ^ of a prime p. An element n algebraie over 
Q is called a Weil number if it is integral and |p(7r)| = for all embeddings p : Q[7r] —)■ C. 
Two Weil numbers n and n' are conjugate if there exists an isomorphism Q[7r] —)■ Q[7r'] 
sending nion'. Weil attached a Weil number to each simple abelian variety over F^, whose 
conjugacy class depends only on the isogeny class of the variety, and Tate showed that the 
map from isogeny classes of simple abelian varieties over to conjugacy classes of Weil 
numbers is injective. Using the theory of complex multiplication, Honda (1968) shows that 
the map is also surjective. In this way, one obtains a classification of the isogeny classes 
of simple abelian varieties over F^. Tate determined the endomorphism algebra of simple 
abelian variety A over F^ in terms of its Weil number n\ it is a central division algebra over 
Q[7r] which splits at no real prime of Q[7l], splits at every finite prime not lying over p, and 
at a prime v above p has invariant 

inVv(End°(A)) = Qp] (modi); (9) 

ordv(^) 

moreover, 

2dim(A) = [End°(A): Q[7r]]^/^ • [Q[7r]: Q]. 

Here End°(A) = End(A) (8)Q. See Tate 1968. 

IWASAWA THEORY FORETOLD 

Weil was very interested in the analogy between number fields and function fields and, in 
particular, in “extending” results from function fields to number fields. In 1942 he wrote: 

Our proof for the Riemann hypothesis depended upon the extension of the 
function-fields by roots of unity, i.e., by constants; the way in which the Galois 
group of such extensions operates on the classes of divisors in the original 
field and its extensions gives a linear operator, the characteristic roots (i.e., the 
eigenvalues) of which are the roots of the zeta-function. On a number field, 
the nearest we can get to this is by the adjunction of Z”-th roots of unity, I 
being fixed; the Galois group of this infinite extension is cyclic, and defines a 
linear operator on the projective limit of the (absolute) class groups of those 
successive finite extensions; this should have something to do with the roots of 
the zeta-function of the field. (Eetter to Artin, (Euvres I, p.298, 1942.) 


Construction of the Jacobian variety of a curve 

Let C be a nonsingular projective curve over a field k, which for simplicity we take to be 
algebraically closed. The jacobian variety 7 of C should be such that J{k) is the group Jac(C) 
of linear equivalence classes of divisors on C of degree zero. Thus, the problem Weil faced 
was that of realizing the abstract group Jac(C) as a projective variety in some natural way — 
over C the theta functions provide a projective embedding of Jac(C). He was not able to do 
this, but as he writes ((Euvres I, p.556): 
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In the spring of 1941,1 was living in Princeton... I often worked in Chevalley’s 
office in Fine Hall; of course he was aware of my attempts to “dehne” the 
Jacobian, i.e., to construct algebraically a projective embedding. One day, 
coming into his office, I surprised him by telling him that there was no need; for 
the Jacobian everything comes down to its local properties, and a piece of the 
Jacobian, Joined to the group property (the addition of divisor classes) suffices 
amply for that. The idea came to me on the way to Fine Hall. It was both the 
concept of an “abstract variety” which had Just taken shape, and the construction 
of the Jacobian as an algebraic group. 

In order to explain Weil’s idea, we need the notion of a birational group over k. This is a 
nonsingular variety V together with a rational map m: V xV —->V such that 

(a) m is associative (that is, {ab)c = a{bc) whenever both terms are defined); 

(b) the rational maps {a,b) i—)• {a,ab) and {a,b) i—)> {b,ab) from F x F to V x F are both 
birational. 

Theorem 1.17. Let {V,m) be a birational group V over k. Then there exists a group 
variety G overk and a birational map f: F ---> G such that f{ab) = f{a)f{b) whenever ab 
is defined; the pair {G,f) is unique up to a unique isomorphism. (Weil 1948b, n°33, Thm 
15; Weil 1955). 

Let denote the symmetric product of g copies of C, i.e., the quotient of by the 
action of the symmetric group Sg. It is a smooth variety of dimension g over k. The set 

{k) consists of the unordered g-tuples of closed points on C, which we can regard as 
positive divisors of degree g on C. 

Fix a.P £C{k). Let D be a positive divisor of degree g on C. According to the Riemann- 
Roch theorem 

l{D) = l+l{Kc-D)>l, 

and one can show that equality holds on a dense open subset of . Similarly, if D is a 
positive divisor of degree 2g on C, then l(D — gP) > 1 and equality holds on a nonempty open 
subset U' of . Let U be the inverse image of U' under the obvious map x c(^)^ 
C{2g) xhen 17 is a dense open subset of x with the property that 1{D+D' — gP) = 1 
for all (D,D') eU{k). 

Now let {D,D') €U{k). Because l{D-\-D' — gP) > 0, there exists a positive divisor D" 
on C linearly equivalent to D + D' — gP, and because 1{D + D' — gP) = 1, the divisor D” is 
unique. Therefore, there is a well-defined law of composition 

{D,D')r^D'' -.U xU (k). 

Theorem 1.18. There exists a unique rational map 

m: xd^) d^) 

2^En ce printemps de 1941, je vivais a Princeton... Je travaillais souvent dans le bureau de Chevalley a 
Fine Hall; bien entendu il etait au courant de mes tentatives pour “definir” la jacobienne, c’est-a-dire pour en 
construire algebriquement un plongement projectif. Un jour, entrant chez lui, je le sutpris en lui disant qu’il 
n’en etait nul besoin; sur la jacobienne tout se ramene a des proprietes locales, et un morceau de jacobienne, 
joint a la propriete de groupe (I’addition des classes de diviseurs) y suffit amplement. L’idee m’en etait venue 
sur le chemin de Fine Hall. C’etait a la fois la notion de ’’variete abstraite” qui venait de prendre forme, et la 
construction de la jacobienne en tant que groupe algebrique, telle qu’elle figure dans [1948b]. 



1 WEIL’S WORK IN THE 1940S AND 1950S 


18 


whose domain of definition contains the subset U and which is such that, for all fields K 
containing k and all {D,D') in U{K), m{D,D') D + D' — gP; moreover m makes into 
a birational group. 

This can be proved, according to taste, by using generic points (Weil 1948b) or functors 
(Milne 1986). On combining the two theorems, we obtain a group variety J over k birationally 
equivalent to with its partial group structure. This is the Jacobian variety. 

Notes 

1.19. Weil (1948b Thm 16, et seqq.) proved that the Jacobian variety is complete, a notion 
that he himself had introduced. Chow (1954) gave a direct construction of the Jacobian 
variety as a projective variety over the same base field as the curve. Weil (1950) announced 
the existence of two abelian varieties attached to a complete normal algebraic variety, namely, 
a Picard variety and an Albanese variety. For a curve, both varieties equal the Jacobian 
variety, but in general they are distinct dual abelian varieties. This led to a series of papers on 
these topics (Matsusaka, Chow, Chevalley, Nishi, Cartier,...) culminating in Grothendieck’s 
general construction of the Picard scheme (see Kleiman 2005). 

1.20. Weil’s construction of an algebraic group from a birational group has proved useful 
in other contexts, for example, in the construction of the Neron model of abelian variety 
(Neron 1964; Artin 1964, 1986; Bosch et al. 1990, Chapter 5). 


The endomorphism algebra of an abelian variety 

The exposition in this subsection includes improvements explained by Weil in his course 
at the University of Chicago, 1954-55, and other articles, which were incorporated in Lang 
1959. In particular, we use that an abelian variety admits a projective embedding, and we 
use the following consequence of the theorem of the cube: Let f,g,h be regular maps from a 
variety V to an abelian variety A, and let D be a divisor on A; then 

{f + g + h)*D-{f + g)*D-ig + h)*D - (/ + hfO + r D + g*D + h*D ~ 0. (10) 

We shall also need to use the intersection theory for divisors on smooth projective varieties. 
As noted earlier, this is quite elementary. 

Review of the theory over C 

Let A be an abelian variety of dimension g over C. ThenA(C) ~ T/A where T is the tangent 
space to A at 0, and A = Hi (A, Z). The endomorphism ring End(A) of A acts faithfully on 
A, and so it is a free Z-module of rank < Ag. We define Ihe characferisfic polynomial Pa{T) 
of an endomorphism a of A fo be ifs characferisfic polynomial det(r — a | A) on A. If is fhe 
unique polynomial in Z[r] such fhaf 

Pa{rn) =deg{m-a) 

for all m G Z. It can also be described as the characteristic polynomial of a acting on 

A(C)tors ~ (Q(8)A) /A.2* 

^'choose an isomorphism (Q® A/A) (Q/Z)A, and note that End(Q/Z) ~ Z. The action of a on Q® A/A 

defines an element of M 2 g(Z), whose characteristic polynomial is Pa{T). 



1 WEIL’S WORK IN THE 1940S AND 1950S 


19 


Choose a Riemann form for A. Let H be the associated positive-definite hermitian 
form on the complex vector space T and let a i—)• be the associated Rosati involution on 
End°(A) = End(A) (8)Q. Then 

H{ax,y) = H{x,a^y), all x,y gT, a G End°(A), 

and so Ms a positive involution on End*’(A), i.e., the trace pairing 

(a,j8) ^Tr(aoj3'''): End°(A) x End‘’(A) ^ Q 

is positive definite (see, for example, Rosen 1986). 

Remarkably, Weil was able to extend these statements to abelian varieties over arbitrary 
base fields. 

The characteristic polynomial of an endomorphism 

Proposition 1.21. For all integers n> I, ths map n^: A has degree Therefore, 

for I 7 ^ char(k), the Z£-module TiA = ^im^ A^n (k^*) is free of rank 2g. 

Proof. Let D be an ample divisor on A (e.g., a hyperplane section under some projective 
embedding); then is a positive zero-cycle, and (D^) ^ 0. After possibly replacing D 
with D+ (—1)^D, we may suppose that D is symmetric, i.e., D ~ (—1)^D. An induction 
argument using (10) shows that n*J) ~ n^D, and so 

(4D^) = {nlD •... • n^D) ~ {n^D •... • n^D) ~ n^^{D^). 

Therefore has degree □ 

A map /: VT —)• 2 on a vector space W over a field Q is said to be polynomial (of degree 
d) if, for every finite linearly independent set {ei,...,e„} of elements of V, 

f{aiei-\ - \-a„en) = F(ai,... ,fl:„), x,- C Q, 

for some P G Q\X-\ ,... ,X„] (of degree d). To show that a map / is polynomial, it suffices to 
check that, for all v,w GW, the map x i—)• /(xv + w): 2 —)■ 2 is a polynomial in x. 

Lemma 1.22. Let A he an abelian variety of dimension g. The map a i—)■ deg(a): End*’(A) 
Q is a polynomial function of degree 2g on End*’(A). 

Proof. Note that deg(nj3) = deg(nA)deg(j8) = n^^deg(j3), and so it suffices to prove that 
deg(nj3 + a) (for n gZ and j8, a G End(A)) is polynomial in n of degree < 2g. Let D be a 
symmetric ample divisor on A. A direct calculation using (10) shows shows that 

deg(nj3 + a){D^) = {n{n — l)Y(D^) -|-terms of lower degree in n. (11) 

As (D^) Y 0 this completes the proof. □ 

Theorem 1.23. Let a G End(A). There is a unique monic polynomial Pa{T) G Z[T] of 
degree 2g such that Pa{n) = deg{nA — cc) for all integers n. 

Proof. If Pi and P 2 both have this property, then Pi — P 2 has infinitely many roots, and so 
is zero. Eor the existence, take j8 = M in (11). □ 

We call Pa the characteristic polynomial of a and we define the trace Tr(a) of a by the 
equation 

P«(r) = T^^ - Tr(a)p2g-’ + • • • + deg(a). 
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The endomorphism ring of an abelian variety 

Let A and B be abelian varieties over k, and let £ be a prime ^ char(^). The family of ^-power 
torsion points in A(^“') is dense, and so the map 

Hom(A,B) Homz^ (r^A, TiB) 

is injective. Unfortunately, this doesn’t show that Hom(A,B) is finitely generated over Z. 

Lemma 1.24. Let a G Hom(A,B),‘ if a is divisible by i" in }iom{TiA,T£B), then it is 
divisible by E' in Hom(A,B). 

Proof. For each n, there is an exact sequence 

0 ^ A^. ^ A A ^ 0. 

The hypothesis implies that a is zero on A^n, and so it factors through the quotient map 
A A. □ 

Theorem 1.25. The natural map 

Zi^Hom{A,B)-^Hom{TiA,TeB) (12) 

is injective (with torsion-free cokernel). Hence Hom(A,B) is a free Z-module of finite rank 
< 4dim(A) dim(B). 

Proof. The essential case is that with A = B and A simple. Let ,..., be elements of 
End(A) linearly independent over Z; we have to show that (ej),..., (e,„) are linearly 

independent over Z^. 

Let M (resp. QM) denote the Z-module (resp. Q-vector space) generated in End°(A) 
by the c,. Because A is simple, every nonzero endomorphism a of A is an isogeny, and 
so deg(a) is an integer > 0. The map deg: QM —)> Q is continuous for the real topology 
because it is a polynomial function (1.22), and so U = {a G QM \ deg(a) < 1} is an open 
neighbourhood of 0. As 


[QM n End(A)) n [/ C End(A) n U = 0, 

we see that QMnEnd(A) is discrete in QM, which implies that it is finitely generated as a 
Z-module. Hence there exists an integer A > 0 such that 

A(QMnEnd(A)) CM. (13) 

Suppose that there exist a,- G Z^, not all zero, such that ^c[,T£(c,) = 0. Eor a fixed m G N, 
we can find infegers n,- sufficiently close to the a,- that the sum ^ is divisible by in 
End(TiA), and hence in End (A). Therefore 

G QMnEnd(A), 

and so NY,{ni/E^)ei G M, i.e., UiN/i'” G Z and ord^(n,) + ord£(A) > m for all i. But if n, is 
close to Ui, then ordf(?i;) = ordi{ai), and so ord^(fl:,) +ord£(A) >m. Asm was arbitrary, we 
have a contradiction. □ 
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The £-adic representation 


Proposition 1.26. Eor all I ^ char{k),Pa{T) is the characteristic polynomial of a acting 
on TiA; in particular, det(a | T^A) = deg(a). 

Proof. For an endomorphism a of A, 


|det(r^a)|^ = |deg(a)|^. (14) 

To continue, we shall need an elementary lemma (Weil 1948b, n° 68, Femme 12): 

A polynomial P{T) G with roots ai,...,adin is uniquely determined 

by the numbers |nf=i T(a,) as F runs through the elements of Z[r]. 

For the polynomial Pa{T), 

nti^(«;) = ±deg(f(a)), 

and for the characteristic polynomial Pa,e{T) of a on TiA, 


nti^(«0^ = |det(F(r,a))|,. 

Therefore, (14) shows that Pa{T) and Pa,e{T) coincide as elements of Q^[r]. 


Positivity 

An ample divisor D on A defines an isogeny tpo'- A ^ A^ from A to the dual abelian variety 
AV pic°(A), namely, a i— )■ [Da — D] where Da is the translate of D by a. A polarization of 
A is an isogeny A : A —)> A'^ that becomes of the form tpo over As A is an isogeny, it has 
an inverse in Hom'’(A^,A). The Rosati involution on End**(A) corresponding to A is 

a i-A = A^' o A. 

It has the following properties: 

(a + j 8 )^ = +j3^ a’*'= a for all a g Q. 

Theorem 1.27. The Rosati involution on E = End*’(A) is positive, i.e., the pairing 

(X, j3 I —y Tr £(oj o jS"^) : E x E —y (Q 

is positive definite. 

Proof. We have to show that Tr(a o o;’^) > 0 for all a 7 ^ 0. Let D be the ample divisor 
corresponding to the polarization used in the definition of f- A direct calculation shows that 

Tr(aoat)^^(D»-l.„-l(D)) 

(Lang 1959, V, §3, Thm 1). I claim that (D^^’ • (D)) > 0. We may suppose that D is 

a hyperplane section of A relative to some projective embedding. There exist hyperplane 
sections H \,...such that //i n .. .CiHg^i n a ^D has dimension zero. By dimension 
theory, the intersection is nonempty, and so 

(//i -a^’D) > 0 . 

As D ~ Hi for all i, we have • a ^D) = {Hi •... • T/g-i' ot^’D) >0. □ 
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Recall that the radical rad(/?) of a ring R is the intersection of the maximal left ideals in 
R. It is a two-sided ideal, and it is nilpotent if R is artinian. An algebra R of finite dimension 
over a field Q of characteristic zero is semisimple if and only if rad(R) = 0. 

Corollary 1.28. The Q-algebra End°(A) is semisimple. 

Proof. If not, the radical of End°(A) contains a nonzero element a. As (5 = aa^ has 
nonzero trace, it is a nonzero element of the radical. It is symmetric, and so = j8j3^ 7 ^ 0, 
= (j 8 ^)^ / 0,_Therefore j3 is not nilpotent, which is a contradiction. □ 

Corollary 1.29. Let a be an endomorphism of A such that ao = q^, <7 g Z. For 
every homomorphism p: Q[a] —C, 

p{a^) =p{cc) and \pa\ 

Proof. As Q[a] is stable under it is semisimple, and hence a product of fields. Therefore 
M® Q[o;] is a producf of copies of M and C. The involufion ^ on Q[a] extends by continuity 
to an involution of M® Q[a] having the property that Tr(j3 o^t)> 

0 for all j3 G M ® Q[a] 

with inequality holding on a dense subset. The only such involution preserves the each factor 
and acts as the identity on the real factors and as complex conjugation on the complex factors. 
This proves the first statement, and the second follows: 

q = p{ciA) = p{aoa^) =p{a)-p{a) = |p(a)^|. □ 

Theorem 1.30. LetA he an abelian variety overk = F^, and let k G End(A) he the Erobe- 
nius endomorphism. Let ^ be a Rosati involution on End°(A). For every homomorphism 
p: Q[7r] —)• C, 

pia"^) =p{7t) and \p7t\ =q^^^. 

Proof. This will follow from (1.29) once we show that Tton^ = qA- This can be proved 
by a direct calculation, but it is more instructive to use the Weil pairing. Let A be the 
polarization defining T The Weil pairing is a nondegenerate skew-symmetric pairing 

: 7/A X 7/A —y TiGm 


with the property that 

{ax,y) = {x,a^y) {x,y€TiA, aGEnd(A)). 

Now 

e ^{ x ,{ 7 t ^ o 7 t ) y ) = e ^{ 7 tx , 7 ty ) = 7 te ^{ x , y ) = qe ^{ x , y ) = e ^{ x , qAy ). 

Therefore on and qA agree as endomorphisms of F/A, and hence as endomorphisms of 
A. □ 


The Riemann hypothesis for a curve follows from applying (1.30) to the Jacobian variety 
ofC. 
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Summary 1.31. Let A be an abelian variety of dimension g over ^ = F^, and let P{T ) be 
the characteristic polynomial of the Frobenius endomorphism n. Then P{T) is a monic 
polynomial of degree 2g with integer coefficients, and its roots ai,... ,a 2 g have absolute 
value For all p, 

P{T) = det(r - 71 I VeA), VgA = TgA ® 

For all n > 1, 

n^fi(l-a") = |A(/:„)| where : fc] = n, (15) 

and this condition determines P. We have 

P{T)=q^ ■T'^^ ■P{\lqT). 

Notes. Essentially everything in this subsection is in Weil 1948b, but, as noted at the start, some of 
the proofs have been simplified by using Weil’s later work. In 1948 Weil didn’t know that abelian 
varieties are projective, and he proved (1.27) first for jacobians, where the Rosati involution is obvious. 
The more direct proof of (1.27) given above is from Lang 1957. 


The Weil conjectures (Weil 1949) 

Weil studied equations of the form 

+ --- + arXf' = b (16) 

over a finite field k, and obtained an expression in terms of Gauss sums for the number of 
solutions in k. Using a relation, due to Davenport and Hasse (1935), between Gauss sums in 
a finite field and in its extensions, he was able to obtain a simple expression for the formal 
power series (“generating function”) 


^ (# solutions of (16) in /:„) T”. 
1 


In the homogeneous case 

flo2fo” + --- + arX;’=0, 

he found that 


1 


— log 
dT ^ 


(l_7’)...(l_^r-lj) 




(17) 


where F(r) is a polynomial of degree A equal to the number of solutions in rational numbers 
a, of the system na, = 1, = 0 (mod 1), 0 < a, < 1. Dolbeault was able to tell Weil that 

the Betti numbers of a hypersurface defined by an equation of the form (17) over C are the 
coefficients of the polynomial 

1 + + ... + +AT’'. 


As he wrote (1949, p.409): 

This, and other examples which we cannot discuss here, seems to lend some 
support to the following conjectural statements, which are known to be true for 
curves, but which I have not so far been able to prove for varieties of higher 
dimension.^^ 

^^Weil’s offhand announcement of the conjectures misled one reviewer into stating that “the purpose of this 
paper is to give an exposition of known results concerning the equation H-f arX'^' = fo” (MR 29393). 
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Weil Conjectures. Let L be a nonsingular projective variety of dimension d defined 
over a finite field k with q elements. Let Nn denote the number points of V rational over the 
extension of k of degree n. Define the zeta function of C to be the power series Z{V,T) G 
Q[[T]] such that 

( 18 ) 

Then: 


(Wl) (rationality) Z(y, T) is a rational function in T ; 

(W2) (functional equation) Z{V,T) satisfies the functional equation 

z(y,i//r) = jz.2(y,r) (i9) 


with X equal to the Euler-Poincare characteristic of V (intersection number of the 
diagonal with itself); 

(W3) (integrality) we have 


Z{V,T) 


Pi{T)---P2d-i{T) 

{\-T)P^{T)---{l-qdT) 


( 20 ) 


with Pr{T) G Z[r] for all r; 

(W4) (Riemann hypothesis) write Pr{T) = “ oCriT)', then 


|a„j =q''^^ 


for all r, /; 

(W5) (Betti numbers) call the degrees B,- of the polynomials Pr the Betti numbers of P; 
if V is obtained by reduction modulo a prime ideal p in a number field K from a 
nonsingular projective variety V over K, then the Betti numbers of V are equal to the 
Betti numbers of V (i.e., of the complex manifold V (C)). 


Weil’s considerations led him to the conclusion, startling at the time, that the “Betti 
numbers” of an algebraic variety have a purely algebraic meaning. For a curve C, the Betti 
numbers are 1, 2g, 1 where g is the smallest natural number for which the Riemann inequality 

/(D)>deg(D)-g + l 


holds, but for dimension >1? 

No cohomology groups appear in Weil’s article and no cohomology theory is conjectured 
to exist,^^ but Weil was certainly aware that cohomology provides a heuristic explanation 
of (W1-W3). For example, let (p be a finite map of degree 5 from a nonsingular complete 
variety V to itself over C. For each n, let N„ be the number of solutions, supposed finite, 
of the equation P = <p''(P) or, better, the intersection number (A-r,pn). Then standard 
arguments show that the power series Z{T) defined by (18) satisfies the functional equation 

Z{l/5T) = ±{5^/^T)^-Z{T) (21) 

where X is the Euler-Poincare characteristic of V (Weil, (Euvres 1, p.568). For a variety V of 
dimension d, the Frobenius map has degree q‘^, and so (21) suggests (19). 

^^Weil may have been aware that there cannot exist a good cohomology theory with Q-coefficients; see (2.2). 
Recall also that Weil was careful to distinguish conjecture from speculation. 
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Example 1.32. Let A be an abelian variety of dimension g over a field k with q elements, 
and let fli,..., a 2 g be the roots of the characteristic polynomial of the Frobenius map. Let 
Pr{T) = n(l “ ^i.rP) where the a,> run through the products 

ai^---aq, 0 < ii < ■ ■ ■ < ir <2g. 


It follows from (15) that 


Z{A,T) 


A(r)---P2g-i(r) 

(i-r)P3(r)---(i-^^r)- 


The rth Betti number of an abelian variety of dimension g over C is (f), which equals 
deg(Pr), and so the Weil conjectures hold for A. 


Aside 1.33. To say that Z{V,T) is rational means that there exist elements ci,..., c,„ G Q, 
not all zero, and an integer uq such that, for all n > uq, 


C\Nfi + C2Nfi+\ T ■ ■ ■ T CfnNfi+m—\ — O’ 


In particular, the set of Nn can be computed inductively from a finite subset. 

2 Weil cohomology 

After Weil stated his conjectures, the conventional wisdom eventually became that, in 
order to prove the rationality of the zeta functions, it was necessary to define a good “Weil 
cohomology fheory” for algebraic varieties. In 1959, Dwork surprised everyone by finding 
an elementary proof, depending only on p-adic analysis, of the rationality of the zeta 
function of an arbitrary variety over a finite field (Dwork 1960).^^ Neverfheless, a complete 
understanding of the zeta function requires a cohomology theory, whose interest anyway 
transcends zeta functions, and so the search continued. 

After listing the axioms for a Weil cohomology theory, we explain how the existence of 
such a theory implies the first three Weil conjectures. Then we describe the standard Weil 
cohomologies. 

For a smooth projective variety V, we write Qat(^) Q-vector space of algebraic 

cycles of codimension r (with Q-coefficients) modulo rational equivalence. 


The axioms for a Weil cohomology theory 

We hx an algebraically closed “base” field k and a “coefhcienl” field Q of characteristic 
zero. A Weil cohomology theory is a contravariant functor V ^ H*{y) from the category of 
nonsingular projective varieties over k to the category of finite-dimensional, graded, anti- 
commutative 2-algebras carrying disjoint unions to direct sums and admitting a Poincare 
duality, a Kunneth formula, and a cycle map in the following sense. 

^'*“His method consists in assuming that the variety is a hypersurface in affine space (every variety is 
birationally isomorphic to such a hypersurface, and an easy unscrewing lets us pass from there to the general 
case); in this case he does a computation with “Gauss sums” analogous to that of Weil for an equation Y.aiZl' = b. 
Of course, Weil himself had tried to extend his method and had got nowhere... ” Serre, Grothendieck-Serre 
Correspondence p. 102. Dwork expressed Z{V,T) as a quotient of two p-adically entire functions, and showed 
that every such function with nonzero radius of convergence is rational. 
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Poincare duality Let V be connected of dimension d. 

(a) The vector spaces H''{V) are zero except for 0<r<2d, and has 

dimension 1. 

(b) Let Q{—1) = and let 2(1) denote its dual. For a g-vector space V 

and integer m, we let V{m) equal V ®q 2(1)®'” or V ®q 2(—I)®"*” according 
as m is positive or negative. For each V, there is given a natural isomorphism 
riv:H^‘^{V){d)^Q. 

(c) The pairings 

H’'{V) X H^-''{V){d) H^‘^{V){d) ~ Q (22) 

induced by the product structure onH*(y) are non-degenerate. 

Kiinneth formula Let p,q: V xW ^V,W be the projection maps. Then the map 

x®y^ p*x-q*y.H*{V)®H*{W)^H*{V xW) 
is an isomorphism of graded 2-algebras. 

Cycle map There are given group homomorphisms 

satisfying the following conditions: 

(a) (functoriality) for every regular map 0 : F —)• IT, 


(23) 


<^*Oclw = clvO(j)* 

(j)^ o civ = clw o (j)^ 

(b) (multiplicativity) for every Y G C4t(F) and Z G Qat(lT), 

Gvxw{Y X Z) = clv{Y) 

(c) (normalization) If P is a point, so that C*^^{P) ~ Q and H*{P) ~ Q, then clp is 
the natural inclusion map. 

Let 0 : F —IT be a regular map of nonsingular projective varieties over k, and let <p* be the 
map H*{<p)-. H*{W) H*{V). Because the pairing (22) is nondegenerate, there is a unique 

linear map 

(l>^: H*{V) ^ H*-^^{W){-c), c = dimF-dimlT 
such that the projection formula 

riw{(^*{x)-y) = irivix-(l>*y) 

holds for all x G //”(F), y G //^‘^™'^^'^(lT)(dimF). This explains the maps on the left of the 
equals signs in (23), and the maps on the right refer to the standard operations on the groups 
of algebraic cycles modulo rational equivalence (Fulton 1984, Chapter I). 
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The Lefschetz trace formula 

Let H* be a Weil cohomology over the base field k, and let V be nonsingular projective 
variety over k. We use the Kiinneth formula to identify H*{y xV) with H*{y)®H*{y). 
Let 0 : U —)• U be a regular map. We shall need an expression for the class of the graph 
of 0 in 

X V){d) cx 0“^//'-(U) 

Let (gf), be a basis for Wiy) and let be the dual basis in H^^''{y){d)', we choose 

e** = 1, so that T\v{f^) = 1- Then 

Theorem 2.1 (Lefschetz trace formula). Letij): U—>U be a regular map such that 
• A is defined. Then 

2d 

(r^-A) = £(-l)'-Tr((/.|//'-(U)) 

Proof. We the above notations, we have 

clvxv{Yi^) and 

rd 

rd rd rd 

Thus 

dvxy(r^-A) =£(-i)'-r(4)/;“^''®/" 

rd 

2d 

= £(-l)''Tr(r)(/^®/2^) 

r=0 

because <p* is the coefficient of gy when (j)*{e'^) is expressed in terms of the basis 

(ep. On applying rjvxv lo both sides, we obtain the required formula. □ 

This is Lefschetz’s original 1924 proof (see Steenrod 1957, p.27). 

There is no Weil cohomology theory with coefficients in or M. 

2.2. Recall (1.16) that for a simple abelian variety A over a finite field k, E = End°(A) is a 
division algebra with centre F = Q[7r], and 2dim(A) = [E: • [F: Q]. Let 2 be a field 

of characteristic zero. In order for F to act on a 2-vector space of dimension 2dim(A), the 
field 2 must split F, i.e., Q®qE must be a matrix algebra over Q®qF. The endomorphism 
algebra of a supersingular elliptic curve over a finite field containing ¥^2 is a division 
quaternion algebra over Q that is nonsplit exactly at p and the real prime (Hasse 1936). 
Therefore, there cannot be a Weil cohomology with coefficients in Qp or M (hence not in Q 
either).Tate’s formula (9) doesn’t forbid there being a Weil cohomology with coeffients 
in Qf , i ^ p, or in the field of fractions of the Witt vectors over k. That Weil cohomology 
theories exist over these fields (see below) is an example of Yhprum’s law in mathematics: 
everything that can work, will work. 

^^It was Serre who explained this to Grothendieck, sometime in the 1950s. 
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Proof of the Weil conjectures W1-W3 

Let Vq be a nonsingular projective variety of dimension d over Uq = F^, and let V be the 
variety obtained by extension of scalars to the algebraic closure k of ko. Let tt : L —L be the 
Frobenius map (relative to Vo/ko). We assume that there exists a Weil cohomology theory 
over k with coefficients in Q. 


Proposition 2.3. The zeta function 


Z{V,T) = ^ 

with PriV, T) = det(l - nT \ HfV, Q)). 
Proof. Recall that 

logZ(F, 

The fixed points of tt” have multiplicity 


Pi{T)---P2d-i{T) 

-T)P2{T)---{\-qdT) 


T'n 


1, and so 


2d 


£(-l)^r(V'|//'(l',2)). 

r=0 


(24) 


□ 


The following elementary statement completes the proof: Let a be an endomorphism of a 
finite-dimensional vector space V ; then 

log(det(l-ar I F)) = - ^ Tr(a" \V) — . (25) 

n>l 


Proposition 2.4. The zeta function Ziy,7) G Q[T]. 

Proof. We know that Z{V,T) G Q[T]. To proceed, we shall need the following elementary 
criterion: 

Let f{T) = £ 2[[^]]; then f{T) G Q[T] if and only if there exist 

integers m and hq such that the Hankel determinant 


Gn 

^/i+l 

* ^n+m—i 


^n-\-2 

^n+m 

Gn+2 


* ^«+m+l 


^n+m 

^n+2m—2 


is 0 for all n > uq (this is a restatement of (1.33); it is an exercise in Chap. 4 of 
Bourbaki’s Algebre). 

The power series Z{V,T) satisfies this criterion in 2[[T]], and hence also in Q[[T]]. 
As in the case of curves, the zeta function can be written 

= U rfm 

velvl 
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where v runs over the set | V| of elosed points of V (as a scheme). Hence 

Z{V,T) = \+aiT + a2T^ + --- 
with the ai G Z. When we write 

P(T) 

Z{V,T) = -^y P.ReQin gcd(P,/?) = l, 

we can normalize P and R so that 

p(r) = i + z^ir + --- eQ[T] 

R(T) = \+ciT + --- GQ[r]. 

Proposition 2.5. LetP,R be as above. Then P and R are uniquely determined by V, and 
they have coefficients in Z. 

Proof. The uniqueness follows from unique factorization in Q[r]. If some coefficient 
of R is not an integer, then j8 ' is not an algebraic integer for some root jd of R. Hence 

ord/(j3) > 0 for some prime I, and Z(P,j8) = l+ aij3+a2j8^H-converges Z-adically. This 

contradicts the fact that j3 is a pole of Z(P, T). We have shown that P(r) has coefficients in 
Z. As Z{V,T)^^ G Z[[r]], the same argument applies to P{T). □ 

Proposition 2.6. We have 

Z{V, 1 /q‘^T) = . jx . z{V, T) 


where X = 

Proof. The Frobenius map n has degree q‘^. Therefore, for any closed point P of V, 
K*P = q‘^P, and 

Ti*clv (P) = clv{n*P)= civ (/p) = /cZy (P). (26) 

Thus K acts as multiplication by q‘^ on H^‘^{V){d). From this, and Poincare duality, it follows 
that if are the eigenvalues of 7t acting on H^iV), then q‘^ja^,.. .^q^jas are the 

eigenvalues of n acting on An easy calculation now shows that the required 

formula holds with % replaced by 


£(-!)'• dim//'-(F), 

but the Lefschetz trace formula (2.1) with 0 = id shows that this sum equals (A • A). □ 

2.7. In the expression (24) for Z(F, P), we have not shown that the polynomials P^ have 
coefficients in Q nor that they are independent of the Weil cohomology theory. However, 
(2.5) shows that this is true for the numerator and denominator after we have removed any 
common factors. If the Pr{T) are relatively prime in pairs, then there can be no cancellation, 
and Pr(P) = 1 + 'Li^r,iT^ has coefficients in Z and is independent of the Weil cohomology 
(because this is true of the irreducible factors of the numerator and denominator). If 
|i (a) I = q’'!^ for every eigenvalue a of tt acting on //' (F, Q) and embedding i of 2(a) into 
C, then the Pr{T) are relatively prime in pairs, and so the Weil conjectures W1-W4 are true 
for V. 
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Application to rings of correspondences 

We show that the (mere) existence of a Weil cohomology theory implies that the Q-algebra of 
correspondences for numerical equivalence on an algebraic variety is a semisimple Q-algebra 
of finite dimension. 

2.8. Let L be a connected nonsingular projective variety of dimension d. An algebraic 
r-cycle on L is a formal sum Z = with n,- G Z and Z,- an irreducible closed subvariety 
of codimension r; such cycles form a group C''(L). 

2.9. Let ~ be an adequate equivalence relation on the family of groups C'^(L). Then 
C(L)^^©,>oC7~ becomes a graded ring under intersection product; moreover, push- 
forwards and pull-backs of algebraic cycles with respect to regular maps are well-dehned. 
Let (L) = Cf, (L) (8) Q. There is a bilinear map 

^dim(Vi)+'-(yj X V 2 ) X X V 3 ) ^ Ai™(''')+''+7yi X V 3 ) 


sending (/,g) to 


g ° f = { pn )* ip*nf ■ Phg ) 

where pij is the projection Vi XV 2 xVs ^Vi x Vj. This is associative in an obvious sense. 
In particular, (y x y ) is a Q-algebra. 


2.10. Two algebraic r-cycles/,g are numerically equivalent if {f •h) = {g-h) for all (d-r)- 
cycles h for which the intersection products are dehned. This is an adequate equivalence 
relation, and so we get a Q-algebra A5^[^^J(y x y). 

Let H he a Weil cohomology theory with coefficient field Q, and let A^(y) (resp. 
Aj^(y, Q)) denote the Q-subspace (resp. 2-subspace) of H^’'{V){r) spanned by the algebraic 
classes. 

2.11. The Q-vector space A7m('^) is finite-dimensional. To see this, let be 

elements of A^^''(y) spanning the g-subspace of H^‘^^^’'{V){d — r); then the 

kernel of the map 

V I—)• (x- fi,... ,x- fs): —)• 

consists of the elements of A^(y) numerically equivalent to zero, and so its image is 


2.12. Let A7m(7 2) denote the quotient of A^(y, Q) by the left kernel of the pairing 

A^(y,e) xA‘f-^{V,Q) ^ A^(y,2) ^ Q. 

Then A''^{y) —)■ A7m(y, Q) factors through A7m(y), and I claim that the map 

a®fv^af-. G®A7^(y)^A7^(y,G) 

is an isomorphism. As A7m(y, Q) is spanned by the image of thu uiap is obviously 

surjective. Let ci,..., be a Q-basis for A^m (y )> and let /i,..., be the dual basis in 
^num(i^)- ^ 2) becomes zeroinA7^(y,2), then aj = -/y = 0for 

all j. Thus the map is injective. 
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Theorem 2.13. The Q-algebra iV xV) is Unite-dimensional and semisimple. 

Proof. Let d = dim(L) and B = x L). Then B is a finite-dimensional Q-algebra 

(2.11), and the pairing 

f,g^if-g):BxB^q 

is nondegenerate. Let / be an element of the radical rad(B) of B. We have to show that 
(/•§) = OforallgEB. 

Let A =Afj{V xV,Q). Then A is a finite-dimensional Q-algebra, and there is a surjective 
homomorphism 


A = Afj (y X y, Q) A At ^(y x y, q) q ® b. 

As the ring A/rad(A) is semisimple, so also is its quotient (Q(8)B)/5'(rad(A)). Therefore 
5'(rad(A)) D rad(Q(8)B), and so there exists an f E rad(A) mapping to 1 (8*/. For all g E A, 

(/•/) = I (27) 

— this can be proved exactly as (2.1). But fog' E rad(A); therefore it is nilpotent, and so its 
trace on H'iV) is zero. Hence {f ■g‘) = 0, and so (1 ®/-5'(g^)) = 0 for all g E A. It follows 
that / = 0. □ 

Theorem 2.13 was extracted from Jannsen 1992. 


Etale cohomology 

From all the work of Grothendieck, it is without 
doubt etale cohomology which has exercised the 
most profound influence on the development of 
arithmetic geometry in the last fifty years. 

Illusie 2014.26 

With his definition of fibre spaces on algebraic varieties, Weil began the process of 
introducing into abstract algebraic geometry the powerful topological methods used in the 
study of complex algebraic varieties. He introduced fibre spaces in a 1949 conference talk, 
and then, in more detail, in a course at the University of Chicago (Weil 1952). For the first 
time, he made use of the Zariski topology in his definition of an abstract variety, and he 
equipped his varieties with this topology. He required a fibre space to be locally trival for 
the Zariski topology on the base variety. Weil’s theory works much as expected, but some 
fibre spaces that one expects (from topology) to be locally trivial are not, because the Zariski 
topology has too few open sets. 

In a seminar in April 1958, Serre enlarged the scope of Weil’s theory by admitting also 
fibre spaces that are only “locally isotrivial” in the following sense: there exists a covering 
y = U, Hi of the base variety V by open subvarieties Ui and finite etale maps U/ —)• Ut such 
that the fibre space becomes trivial when pulled back to each U/. For an algebraic group 
G over k, Serre defined H^{V,G) to be the set of isomorphism classes of principal fibre 
spaces on V under G, which he considered to be the “good H^”. At the end of the seminar, 

toute I’oeuvre de Grothendieck, c’est sans doute la cohomologie etale qui aura exerce I’influence la plus 
profonde sur revolution de la geometrie arithmetique dans les cinquante demieres annees. 
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Grothendieck said to Serre that this will give the Weil cohomology in all dimensions 
(Serre 2001, p. 125, p.255). By the time Serre wrote up his seminar in September 1958, 
he was able to include a reference to Grothendieck’s announcement (1958b) of a “Weil 
cohomology”. 

Grothendieck’s claim raised two questions: 

(A) when G is commutative, is it possible to define higher cohomology groups? 

(B) assuming (A) are they the “true” cohomology groups when G is finite? 

To answer (A), Grothendieck observed that to define a sheaf fheory and a sheaf-cohomology, 
much less is needed than a topological space. In particular the “open subsets” need not be 
subsets. 

Specifically, lef C be an essentially small category admitting finite fibred products and a 
final objecf V, and suppose fhaf for each objecf 17 of C fhere is given a family of “coverings” 
(17, • —)■ [/),. The sysfem of coverings is said fo be a Grothendieck topology on C if it satisfies 
fhe following conditions: 

(a) (base change) if (17,- — )■ 17) is a covering and 17' — )■ 17 is a morphism in C, then 
(17,- Xj/17' —17') is a covering; 

(b) (local nature) if (17,■ — )■ 17),- is a covering, and, for each i, {Uij —)• 17,)y is a covering, 
then the family of composites (17, j- —)• U)ij is a covering; 

(c) a family consisting of a single isomorphism cp: 17' —)• 17 is a covering. 

For example, let F be a topological space, and consider the category C whose objects are the 
open subsets of V with the inclusions as morphisms; then the coverings of open subsets in 
the usual sense define a Grothendieck topology on C. 

Consider a category C equipped with a Grothendieck topology. A presheaf is simply a 
contravariant functor from C to the category of abelian groups. A presheaf P is a sheaf if, 
for every covering (17,- —)• 17),-, the sequence 

P{U)^Y\P{Ui)^Y\P{UiXuUj) 

‘ ij 

is exact. With these definitions, the sheaf theory in Grothendieck 1957 carries over almost 
word-for-word. The category of sheaves is abelian, satisfies Grofhendieck’s condifions (AB5) 
and (AB3*), and admits a family of generators. Therefore, it has enough injectives, and the 
cohomology groups can be defined to be the right derived functors of P -w p(F). 

When Grothendieck defined the etale topology on a variety (or scheme) V, he took as 
coverings those in Serre’s definition of “locally isotrivial”, but Mike Artin realized that it was 
better to allow as coverings all surjective families of etale morphisms. With his definition 
the local rings satisfy HenseTs lemma. 

A test for (B) is: 

(C) let F be a nonsingular algebraic variety over C, and let A be a finite abelian 
group; do the etale cohomology groups //''(Fet,A) coincide with the singular 
cohomology groups //''(F™, A)? 

^^Des la fin de I’expose oral, Grothendieck m’a dit: cela va donner la cohomologie de Weil en toute dimension! 
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For r = 0, this just says that an algebraic variety over C is connected for the complex 
topology if it is connected for the Zariski topology. For r = 1, it is the Riemann existence 
theorem,^* which says that every finite covering of is algebraic. In particular, (C) is true 
for curves. It was probably this that made Grothendieck optimistic that (C) is true in all 
degrees. 

Grothendieck thought always in relative terms: one space over another. Once 
the cohomology of curves (over an algebraically closed field) was understood, 
we could expect similar results for the direct images for a relative curve ..., 
and, “by unscrewing [devissage]”... for the higher (Illusie 2014, pl77.) 

Initially (in 1958), Serre was less sure: 

Of course, the Zariski topology gives a 7ii and that are too small, and I had 
fixed fhaf defecf. Buf was fhaf enough? My reflexes as a fopologisf fold me fhaf 
we musf also deal with the higher homotopy groups: 712, etc.^° (Serre 2001, 
p.255.) 

Artin proved (C) by showing that, in the relative dimension one case, the Zariski topology is 
sufficiently fine to give coverings by K{7i, l)’s (SGA 4, XI). 

Although Grothendieck had the idea for etale cohomology in 1958, 

a few years passed before this idea really took shape: Grothendieck did not see 
how to start. He also had other occupations.^^ (Illusie 2014, p.l75.) 

When Grothendieck came to Harvard in 1961, Mike Artin asked him: 

if it was all right if I thought about it, and so that was the beginning... [Grot¬ 
hendieck] didn’t work on it until I proved the first theorem. ... I thought about 
it that fall... And then I gave a seminar... (Segel 2009, p.358.) 

Serre writes (email July 2015): 

^^Riemann used the Dirichlet principle (unproven at the time) to show that on every compact Riemann surface 
S there are enough meromorphic functions to realize 5 as a projective algebraic curve; this proves the Riemann 
existence theorem for nonsingular projective curves. 

^^Grothendieck pensait toujours en termes relatifs: un espace au-dessus d’un autre. Une fois la cohomologie 
des courbes (sur un corps algebriquement clos) tiree au clair, on pouvait esperer des resultats similaires pour les 
images directes pour une courbe relative (les theoremes de specialisation du TZi devaient le lui suggerer), et, “par 
devissage” (fibrations en courbes, suites spectrales de Leray), atteindre les H' superieurs. 

^®Bien sur, la topologie de Zariski donne un tti et un //* trop petits, et j’avais remedie a ce defaut. Mais 
etait-ce suffisant? Mes reflexes de topologue me disaient qu’il fallait aussi s’occuper des groupes d’homotopie 
superieurs: 712 , etc. 

^*This is rather Serre’s way of viewing Artin’s proof. As Serre wrote (email July 2015): 

[This] was the way I saw it, and I liked it for two reasons : a) it is a kind of explanation why 
higher homotopy groups don’t matter: they don’t occur in these nice Artin neighbourhoods; b) the 
fundamental group of such a neighbourhood has roughly the same structure (iterated extension 
of free groups) as the braid groups which were so dear to Emil Artin; in particular, it is what I 
called a ’’good group” : its cohomology is the same when it is viewed as a discrete group or as a 
profinite group. 

^^quelques annees s’ecoulerent avant que cette idee ne prenne reellement forme: Grothendieck ne voyait pas 
comment demarrer. II avait aussi d’autres occupations. 
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Grothendieck, after the seminar lecture where I defined “the good H^”, had the 
idea that the higher cohomology groups would also be the good ones. But, as 
far as I know, he could not prove their expected properties... It was Mike Artin, 
in his Harvard seminar notes of 1962, who really started the game, by going 
beyond //'. For instance, he proved that a smooth space of dimension 2 minus 
a point has (locally) the same cohomology as a 3-sphere (Artin 1962, p.llO). 

After that, he and Grothendieck took up, with SGA 4: la locomotive de Bures 
etait lancee. 

In 1963-64, Artin and Grothendieck organized their famous SGA 4 seminar. 

The etale topology gives good cohomology groups only for torsion groups. To obtain a 
Weil cohomology theory, it is necessary to define 

and then tensor with to get //''(VgtjQt)- This does give a Weil cohomology theory, and 
so the Weil conjectures (W1-W3) hold with 

PriV, T) = det(l - kT I //'•(Fet,Qr)). 

More generally, Grothendieck (1964) proved that, for every algebraic variety Vq over a finite 
field ko, 

Z{Vo,T) = n,det(l -;rr | (28) 

where He denotes cohomology with compact support. In the situation of (W5), 

H'-{V,t,Qe)^H'-{V{C),Q)(E)Qi 

(proper and smooth base change theorem), and so the £-adic Betti numbers of V are indepen¬ 
dent of i. If the Riemann hypothesis holds, then they equal Weil’s Betti numbers. 

In the years since it was defined, etale cohomology has become such a fundamental tool 
that today’s arithmetic geometers have trouble imagining an age in which it didn’t exist. 


de Rham cohomology (characteristic zero) 

Let F be a nonsingular algebraic variety over a field k. Define H^^{V) to be the (hy- 
per)cohomology of the complex 



of sheaves for the Zariski topology on F. When k = C, we can also define //jj^(F™) by 
replacing D* with the complex of sheaves of holomorphic differentials on F™ for the 
complex topology. Then 

//'•(F“,Q)®qC~//^r(F™) 

for all r. 

When k = C, there is a canonical homomorphism 

In a letter to Atiyah in 1963, Grothendieck proved that this is an isomorphism (Grothendieck 
1966). Thus, for a nonsingular algebraic variety over a field k of characteristic zero, there are 
algebraically defined cohomology groups H^^iV) such that, for every embedding p : k —)• C, 

H*,^{V)0k,pCc^H*,^{pV)c^H*,^{{pVr). 

This gives a Weil cohomology theory with coefficients in k. 
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p-adic cohomology 

The etale topology gives Weil cohomologies with coefficients in for all primes I different 
from the characteristic of k. Dwork’s early result (see p.25) suggested that there should also 
be p-adic Weil cohomology theories, i.e., a cohomology theories with coefficients in a field 
containing Qp. 

Let V be an algebraic variety over a field k of characterisfic p ^0. When Serre defined 
the cohomology groups of coherent sheaves on algebraic varieties, he asked whether the 
formula 

MV)= £ dim,//^-(L,4/,) 

i+j=r 

gives the “true” Betti numbers, namely, those intervening in the Weil conjectures (Serre 
1954, p.520). An example of Igusa (1955) showed that this formula gives (at best) an upper 
bound for Weil’s Betti numbers. Of course, tbe groups wouldn’t give 

a Weil cohomology theory because the coefficient field has characteristic p. Serre (1958) 
next considered the Zariski cohomology groups ffy) where WGy is the sheaf of 

Witt vectors over (a ring of characteristic zero), but found that they did not have good 
properties (they would have given only the part of the cohomology). 

In 1966, Grothendieck discovered how to obtain tbe de Rham cohomology groups 
in characteristic zero without using differentials, and suggested that his method could be 
modified to give a good p-adic cohomology theory in characteristic p. 

Let L be a nonsingular variety over a field k of characterisfic zero. Define inf(L /k) fo be 
tbe category whose objects are open subsets 17 of L together with thickening of U, i.e., an 
immersion U ^ T defined by a nilpofenf ideal in Gj- Define a covering family of an objecf 
(17,17 r) of infiy/k) to be a family (17,, Ui ^ Ti)i with (7j), a Zariski open covering of 
T and 17; = U XT' 7). These coverings define the “infinitesimal” Grothendieck topology on 
infiy /k). There is a structure sheaf Gy.^^ on Vmf, and Grothendieck proves that 

H*{VM,GyJ^Hl^{V) 

(Grothendieck 1968, 4.1). 

This doesn’t work in characteristic p, but Grothendieck suggested that by adding divided 
powers to the thickenings, one should obtain a good cohomology in characteristic p. There 
were technical problems at the prime 2, but Berthelot resolved these in this thesis to give 
a good definition of the “crystalline” site, and he developed a comprehensive treatment of 
crystalline cohomology (Berthelot 1974). This is a cohomology theory with coefficients in 
the ring of Witt vectors over the base field k. On fensoring if wifh the field of fractions, we 
obtain a Weil cohomology. 

About 1975, Bloch extended Serre’s sheaf WGy to a “de Rham-Witt complex” 

WG*: WGy^ A • • • 

and showed that (except for some small p) the Zariski cohomology of this complex is 
canonically isomorphic to crystalline cohomology (Bloch 1977). Bloch used .fir-theory to 
define WQ!^ (he was inferesfed in relating fif-lheory fo crysfalline cohomology among ofher 
fhings). Deligne suggesfed a simpler, more direcf, definition of the de Rham-Witt complex 
and this approach was developed in detail by Illusie and Raynaud (Illusie 1983). 

Although p-adic cohomology is more difficult to define than 7-adic cohomology, it is 
often easier to compute with it. It is essential for understanding p-phenomena, for example, 
p-torsion, in characteristic p. 
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Notes. The above account of the origins of p-adic cohomology is too brief — there were other 
approaches and other contributors. 

3 The standard conjectures 

Alongside the problem of resolution of singularities, 
the proof of the standard conjectures seems to me to 
be the most urgent task in algebraic geometry. 
Grothendieck 1969. 

We have seen how to deduce the first three of the Weil conjectures from the existence of 
a Weil cohomology. What more is needed to deduce the Riemann hypothesis? About 1964, 
Bombieri and Grothendieck independently found the answer: we need a Kiinneth formula 
and a Hodge index theorem for algebraic classes. Before explaining this, we look at the 
analogous question over C. 

A kdhlerian analogue 

In his 1954 ICM talk, Weil sketched a transcendental proof of the inequality a(i§ o§0>o 
for correspondences on a complex curve, and wrote: 

... this is precisely how I hrst persuaded myself of the truth of the abstract 
theorem even before I had perceived the connection between the trace a and 
Castelnuovo’s equivalence defect. 

In a letter to Weil in 1959, Serre wrote: 

In fact, a similar process, based on Hodge theory, applies to varieties of any 
dimension, and one obtains both the positivity of certain traces, and the determi¬ 
nation of the absolute values of certain eigenvalues in perfect analogy with your 
beloved conjectures on the zeta functions. 

We now explain this. More concretely, we consider the following problem: Let L be a 
connected nonsingular projective variety of dimension d over C, and let /: L —)• L be an 
endomorphism of degree q'^; find conditions on / ensuring that the eigenvalues of / acting 
on H''{V,Q) have absolute value q’’^^ for all r. 

For a curve V, no conditions are needed. The action of / on the cohomology of V 
preserves the Hodge decomposition 

and the projection//'(y,C) realizes(y,Z) C H^{V,C) as a lattice in//^’°(y), 

stable under the action of /. Define a hermitian form on by 

(co.co’) = J— [ ft) Ad)'. 

' ' 2711 Jv 

^^“En fait, un procede analogue, base sur la theorie de Hodge, s’applique aux varietes de dimensionquelconque, 
et Ton obtient a la fois la positivite de certaines traces, et la determination des valeurs absolues de certaines 
valeurs propres, en parfaite analogie avec tes cheres conjectures sur les fonctions zeta.” 
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This is positive definite. As f* acts on as multiplication by deg(/) = q. 



Hence, is a unitary operator on and so its eigenvalues ai,.. .,ag have ab¬ 

solute value 1. The eigenvalues of f* on H^{V,Q) are q^/^ai,... ,q^^^ag,q^^^ai,.. .,q^/^dg, 
and so they have absolute value q^/'^. 

In higher dimensions, an extra condition is certainly needed (consider a product). Serre 
realized that it was necessary to introduce a polarization. 

Theorem 3.1 (Serre 1960, Thm 1). LetV be a connected nonsingular projective vari¬ 
ety of dimension d over C, and let f be an endomorphism V. Suppose that there exists an 
integer q > 0 and a hyperplane section E ofV such that (E) is algebraically equivalent 
to qE. Then, for all r > 0, the eigenvalues of f acting on have absolute value q^!^. 

For a variety over a finite field and / fhe Frobenius map, f^^{E) is equivalenf fo qE, and 
so fhis is fruly a kahlerian analogue of fhe Riemann hypofhesis over finile fields. Nofe fhaf 
fhe condition f^^{E)^qE implies fhaf = q‘^{E‘^), and hence fhaf / has degree q‘^. 

The proof is an application of fwo famous fheorems. Throughouf, V is as in fhe sfafemenf 
of fhe fheorem. Let E be an ample divisor on F, let u be its class in H'^{V,Q), and let L be 
the “Lefschetz operator” 


x^uCx: 


Theorem 3.2 (Hard Lefschetz). For r<d, the map 


ld~r. H''{V,q)^H^‘^^''{V,q){d-r) 


is an isomorphism. 

Proof. It suffices to prove this after tensoring with C. Lefschetz’s original “topological 
proof’ (1924) is inadequate, but there are analytic proofs (e.g., Weil 1958, IV, n°6. Cor. to 
Thm 5). □ 

Now let Wly) = Wly, C), and omit the Tate twists. Suppose that r <d, and consider 




The composite of the maps is an isomorphism (3.2), and so 


H\V)=PqV)®LH''-^{V) 


with P'^iy) = Ker(//''(F)-s- On repeating this argument, we obtain the 

first of the following decompositions, and the second is proved similarly: 
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In other words, every element ;c of WiV) has a unique expression as a sum 

x= Y. XjeP''-^\V). (29) 

7>max(r—<:/,0) 

The cohomology classes in P’'{V), r < d, are said to be primitive. 

The Weil operator C : H* {V) ^ H* (V) is the linear map such that Cx = f^^x if x is 
of type {a,b). It is an automorphism of H*{V) as a C-algebra, and acts on H’'{y) as 
multiplication by (—1)'^ (Weil 1958, n°5, p.74). 

Using the decomposition (29), we define an operator *: H''{V) —)> by 

«= I 

y>max(r—^/,0) 


For (O G let 


and let 


I{(0) 


fyCO if r = 2d 
0 if r < 2 d, 


l{x,y) =K^-y)- 


Lemma 3.3. Porx,y £ H*{V), 

I{x, *y) = I{y, *x) and l{x, *x) > 0 ifx / 0. 


Proof. Weil 1958, IV, n°7, Thm 7. 


□ 


For and y = with xj, yj primitive of degree r — 2j^ put 

j>max(r—d.O) 

Theorem 3.4. The map A is a bilinear form on and 

MyA) = {-'^YMx,y), A(Cx,Cy) =A(x,y) 

A{x,Cy) =A{y,Cx), A(x,Cx) > 0 ifx / 0. 

Proof. The first two statements are obvious, and the second two follow from (3.3) because 

A{x,Cy)= Y YL^HUL^yj)- 

j>max(r—d,0) 

See Weil 1958, IV, n°7, p.78. □ 

Note that the intersection form I on H‘^{V) is symmetric or skew-symmetric according 
as d is even or odd. 

Theorem 3.5 (Hodge Index). Assume that the dimension d of V is even. Then the 
signature of the intersection form on H‘^{V) is 

Proof. Exercise, using (3.4). See Weil 1958, IV, n°7, Thm 8. □ 
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To deduce (1.2) from the theorem, it is necessary to show that the nonalgehraic cycles 
contribute only positive terms. This is what Hodge did in his 1937 paper. 

We now prove Theorem 3.1. It follows from (3.4) that the sesquilinear form 

{x,y)^A{x,Cy): H’'{V)xH’'{V)^C (30) 

is hermitian and positive definite. Let gr = Then gy respects the structure of 

H*{V) as a higraded C-algehra, the form I, and the operators a and a i—)• La. Therefore, 
it respects the form (30), i.e., it is a unitary operator, and so its eigenvalues have absolute 
value 1. This completes the proof of the theorem. 

This proof extends to correspondences. For curves, it then becomes the argument in 
Weil’s ICM talk; for higher dimensions, it becomes the proof of Theorem 2 of Serre 1960. 


Weil forms 

As there is no Weil cohomology theory in nonzero characteristic with coefficients in a real 
field, it is not possible to realize the Frobenius map as a unitary operator. Instead, we go 
back to Weil’s original idea. 

Let // be a Weil cohomology theory over k with coefficient field Q. From the Kiinneth 
formula and Poincare duality, we obtain isomorphisms 

X V){d) cx 0“^ (//'■(F) 0//2^-'-(F)(r/)) 0“^Ende.iinear(//'-(F)). 

Let Tir be the rth Kiinneth projector. Under the isomorphism, the subring 

H^{V xV)r = TtrOH^W xV)onr 

of xV){d) corresponds to Endg.iinear(^'^(F)). 

Let Afj{—) denote the Q-subspace of //^''(—)(r) generated by the algebraic classes. 
Then A^(F x F) is the Q-algebra of correspondences on F for homological equivalence (see 
2.9). Assume that the Kiinneth projectors Tiy are algebraic, and let 

Aij{V X V)r=Ajj{V X F) n//^^(F X F), = 7r,oA|,(F x F) o tt,. 

Then 

A^(FxF) = 0“^A^(FxF),. 

Let 

(t>:H’-{V)xH^iV)^Qi-r) 

be a nondegenerate bilinear form. For a G End(//'‘(F)), we let a' denote the adjoint of a 
with respect to (j): 

(l){ax,y) = (j)(x,a'y). 

Definition 3.6. We call 0 a Weil form if it satisfies the following conditions: 

(a) (j) is symmetric or skew-symmetric according as r is even or odd; 

(b) for all a G Af^iV x V)r, the adjoint a' G A^(F x F)^; moreover, Tr(a o a') G Q, and 
Tr(aoa') > 0 if a 7 ^ 0 . 
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Example 3.7. Let E be a nonsingular projective variety over C. For all r > 0, the pairing 

//'■(V) X//'■(E) ^ C, x,y^{x-*y) 
is a Weil form (Serre 1960, Thm 2). 

Example 3.8. Let C be a curve over k, and let J be its Jacobian. The Weil pairing (j): T^J x 
T^J —)■ TiG,n extends by linearity to a Q^-bilinear form 

//l(Cet,Q^)x//i(Cet,Q£)^QKl) 

on Hi (Cet,Qf) = (8) TiJ. This is Weil form (Weil 1948b, VI, n°48, Thm 25). 

Proposition 3.9. If there exists a Weil form on H''{V), then the Q-algebra A‘^{V x V)r is 
semisimple. 

Proof. It admits a positive involution a i—)■ a', and so we can argue as in the proof of 
(1.28). □ 

Proposition 3.10. Let tj) be a Weil form on H^iV), and let a be an element ofA^{V x V)r 
such that ao a' is an integer q. For every homomorphism p: Q[a] —)■ C, 

p(a') = p(a) and \pa\ = 

Proof. The proof is the same as that of (1.29). □ 


The standard conjectures 

Roughly speaking, the standard conjectures state that the groups of algebraic cycles modulo 
homological equivalence behave like the cohomology groups of a Kahler manifold. Our 
exposition in this subsection follows Grothendieck 1969 and Kleiman 1968.^“* 

Let // be a Weil cohomology theory over k with coefficient field Q. We assume fhaf the 
hard Lefschetz theorem holds for H.^^ This means the following: let L be the Lefschetz 
operator xr^ u-x defined by fhe class u of an ample divisor in //^ (E) (1); fhen, for all r <d, 
fhe map 

^d-r. H\V)^H^‘^~''{V){d-r) 
is an isomorphism. As before, this gives decompositions 

//'•(E) = 0 VP’-^\V) 

y>max(r— 

with F'^(E) equal to the kernel of : H''{V) —)■ Hence x G H''iy) has a 

unique expression as a sum 

x= X (31) 

y>max(r—ti,0) 

Define an operator A: H''{V) H’'^^{V) by 

Ax = ^ L^^^Xj. 

/>max(r—rf.O) 

According to Illusie (2010): Grothendieck gave a series of lectures on motives at the IHES. One part was 
about the standard conjectures. He asked John Coates to write down notes. Coates did it, but the same thing 
happened: they were returned to him with many corrections. Coates was discouraged and quit. Eventually, it 
was Kleiman who wrote down the notes in Dix exposes sur la cohomologie des schemas. 

^^For f-adic etale cohomology, this was proved by Deligne as a consequence of his proof of the Weil 
conjectures, and it follows for the other standard Weil cohomology theories. 
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The standard conjectures of Lefschetz type 

A{V,L): For all 2r < d, the isomorphism — r) restricts 

to an isomorphism 

A^H{y)^Af\v). 

Equivalently, x C H^^{y){r) is algebraic if is algebraic. 

B(F): The operator A is algebraic, i.e., it lies in the image of 

A‘^jf\V X F) ^ X F)(J- 1) ~ 0^^^Hom(//''+2(F),//'-(F)). 

C(F): The Kiinneth projectors Tlr are algebraic. Equivalently, the Kunneth isomorphism 

H*{V xV)c^H*{V)(^H*{V) 


induces an isomorphism 


A*h{VxV)cxA*j,{V)(^A*h{V). 

Proposition 3.11. There are the following relations among the conjectures. 

(a) Conjecture A{V xy,L(8)l + l(8)L) implies B{V ). 

(b) IfBiy) holds for one choice of L, then it holds for all. 

(c) Conjecture B{V) implies A{V,L) (allL) andCiV). 

Proof. Kleiman 1994, Theorem 4-1. 


Thus A{V,L) holds for all V and L if and only if B{V) holds for all V; moreover, each 
conjecture implies Conjecture C. 

Example 3.12. Eet = F. A smooth projective variety V over k arises from a variety Vq 
defined over a finite subfield ko of k. Eel n be fhe corresponding Erobenius endomorphism of 
V, and lef PriT) = del(l — kT \ H’'{V)). According fo fhe Cayley-Hamilfon fheorem, Pr{Tt) 
acts as zero on WiV). Assume that the Pr are relatively prime (this is true, for example, 
if the Riemann hypothesis holds). According to the Chinese remainder theorem, there are 
polynomials P’^{T) ^ Q\T] such that 

, r 1 modP,(r) 

^ ’ \ 0 mod P,(r) fori/r. 

Now P''{k) projects H*{V) onto and so Conjecture C{V) is true. 


Example 3.13. Conjecture B{V ) holds if V is an abelian variety or a surface with dim//^ {V ) equal 
to twice the dimension of the Picard variety of V (Kleiman 1968, 2. Appendix). 


These are essentially the only cases where the standard conjectures of Lefschetz type are 
known (see Kleiman 1994). 
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The standard conjecture of Hodge type 

For r <d, let A'^{V)pr denote the “primitive” part A^(F) nP^''(y) of A^fj{V). Conjecture 
A(y,L) implies that 

= 0 VA'-\V)pr. 

y>max(2r—(J,0) 

I(y,L): For r < d, the symmetric bilinear form 

{-lY{x-y-u‘‘^^''): AYiV)pr xA’fj{V)pr ^ Q 

is positive definite. 

In characteristic zero, the standard conjecture of Hodge type follows from Hodge theory 
(see 3.3). In nonzero characteristic, almost nothing is known except for surfaces where it 
becomes Theorem 1.2. 


Consequences of the standard conjectures 


Proposition 3.14. Assume the standard conjectures. Eor every x G Aj^(y), there exists a 
y G A^^'‘(y) such thatx-y / 0. 

Proof. We may suppose that x = L^xj with xj G A^ ^(y)pr- Now 

{LJxj ■ Vxj ■ = {xj ■ Xj ■ > 0 . □ 


Using the decomposition (31), we define an operator * : H''{V) — ’’(V) by^® 

{r-2j){r-2j+l) , . , 

I 2 +^(x;). 


«= ^ (- 1 )' 
j>msix{r—d,0) 


Theorem 3.15. Assume the standard conjectures. Then 

HYV)xH’-{V)^Q, v,y^(v*y), 


is a Weil form. 


Proof. Kleiman 1968, 3.11. □ 

Corollary 3.16. The Q-algebra A'^{V x V)r is semisimple. 

Proof. It admits a positive involution; see (2.4). □ 

Theorem 3.17. Assume the standard conjectures. Let V be a connected nonsingular 
projective variety of dimension d overk, and let f be an endomorphism V. Suppose that 
there exists an integer q > 0 and a hyperplane section E ofV such thatf^^ (E) is algebraically 
equivalent to qE. Then, for all r > 0, the eigenvalues of f acting on H''(V,Q) have absolute 
value q^!^. 

Proof. Use E to define the Lefschetz operator. Then aoa' = q, and we can apply (3.10).n 

Aside 3.18. In particular, the standard conjectures imply that the Frobenius endomorphism 
acts semisimply on etale cohomology over F. For abelian varieties, this was proved by Weil 
in the 1940s, but there has been almost no progress since then. 


^®This differs from the definition in kahlerian geometry by some scalar factors. Over C, our formx,y i-> ix- *y) 
is positive definite on some direct summands of H'^CV) and negative definite on others, but this suffices to imply 
that the involution a a' is positive. 
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The standard conjectures and equivalences on algebraic cycles 

Our statement of the standard conjectures is relative to a choice of a Weil cohomology theory. 
Grothendieck initially stated the standard conjectures in a letter to Serre^^ for algebraic 
cycles modulo algebraic equivalence, but an example of Griffiths shows that they are false in 
that context. 

Recall that two algebraic cycles Z and Z' on a variety V are rationally equivalent if 
there exists an algebraic cycle on V x such that 2Tq = Z and iFi = Z'; that they are 
algebraically equivalent if there exists a curve T and an algebraic cycle onV xT sucb 
that = Z and = Z' for two points to,ti £T{k)-, that they are homologically equiva¬ 
lent relative to some fixed Weil cohomology H if they have the same class in 
and that they are numerically equivalent if (Z • Z) = (Z' • F) for all algebraic cycles Y of 
complementary dimension. We have 

rat alg horn num. 

For divisors, rational equivalence coincides with linear equivalence. Rational equivalence 
certainly differs from algebraic equivalence, except over the algebraic closure of a finite 
fields, where all four equivalence relations are conjectured to coincide (folklore). 

For divisors, algebraic equivalence coincides with numerical equivalence (Matsusaka 
1957). For many decades, it was believed that algebraic equivalence and numerical equiva¬ 
lence coincide — one of Severi’s “self-evident” postulates even bas this as a consequence 
(Brigaglia et al. 2004, p.327). 

Griffiths (1969) surprised everyone by showing that, even in the classical situation, 
algebraic equivalence differs from bornological equivalence.^^ Flowever, there being no 
counterexample, it remains a folklore conjecture that numerical equivalence coincides with 
homological equivalence for the standard Weil cohomologies. For ^-adic etale cohomology, 
this conjecture is stated in Tate 1964. 

The standard conjectures for a Weil cohomology theory H imply that numerical equiva¬ 
lence coincides with homological equivalence for H (see 3.14). It would be useful to have a 
statement of the standard conjectures independent of any Weil cohomology theory. One pos¬ 
sibility is to state them for the Q-vector spaces of algebraic cycles modulo smash-nilpotent 
equivalence in the sense of Voevodsky 1995 (which implies homological equivalence, and is 
conjectured to equal numerical equivalence). 


The standard conjectures and the conjectures of Hodge and Tate 

Grothendieck hoped that his standard conjectures would be more accessible than the con¬ 
jectures of Hodge and Tate, but these conjectures appear to be closely intertwined. Before 
explaining this, I recall the statements of the Hodge and Tate conjectures. 

Conjecture 3.19 (Hodge). Let V be a smooth projective variety over C. Eor all r>0, 
the Q-subspace of spanned by the algebraic classes is H^''(y,Q) CW'^iV). 

Grothendieck-Serre Correspondence, p.232, 1965. 

fact, they aren’t even close. The first possible counterexample is for 1-cycles on a 3-fold, and, indeed, for 
a complex algebraic variety V of dimension 3, the vector space 

{one-cycles homologically equivalent to zero} 

{one-cycles algebraically equivalent to zero} 

may be infinite dimensional (Clemens 1983). 
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Conjecture 3.20 (Tate). Let Vb be a smooth projective variety over a field ko finitely 
generated over its prime held, and let i be a prime ^ char(/:). For all r>0, the Q^-subspace 
of H^''(Vet,Qe(r)) spanned by the algebraic classes consists exactly of those hxed by the 
action ofGai{k/ko). Here k is a separable algebraic closure ofko and V = (Vo)/t. 

By the full Tate conjecture, I mean the Tate conjecture plus num = hom(£) (cf. Tate 
1994, 2.9). 

3.21. The Hodge conjecture implies the standard conjecture of Lefschetz type over C 
(obviously). Conversely, the standard conjecture of Lefschetz type over C implies the 
Hodge conjecture for abelian varieties (Abdulali 1994, Andre 1996), and hence the standard 
conjecture of Hodge type for abelian varieties in all characteristics (Milne 2002). 

3.22. Tate’s conjecture implies the standard conjecture of Lefschetz type (obviously). If the 
full Tate conjecture is true over hnite helds of characteristic p, then the standard conjecture 
of Hodge type holds in characteristic p. 

Here is a sketch of the proof of the last statement. Let k denote an algebraic closure of 
¥p. The author showed that the Hodge conjecture for CM ahelian varieties over C implies 
the standard conjecture of Hodge type for ahelian varieties over k. The proof uses only 
that Hodge classes on CM ahelian varieties are almost-algehraic at p (see (4.5) helow for 
this notion). The Tate conjecture for finite suhfields of k implies the standard conjecture of 
Lefschetz type over k (obviously), and, using ideas of Abdulali and Andre, one can deduce 
that Hodge classes on CM abelian varieties are almost-algebraic at p; therefore the standard 
conjecture of Hodge type holds for abelian varieties over k. The full Tate conjecture implies 
that the category of motives over k is generated by the motives of abelian varieties, and 
so the Hodge standard conjecture holds for all nonsingular projective varieties over k. A 
specialization argument now proves it for all varieties in characteristic p. 

4 Motives 

For Grothendieck, the theory of “motifs” took on an almost mystical meaning as the reality 
that lay beneath the “shimmering ambiguous surface of things”. But in their simplest form, 
as a universal Weil cohomology theory, the idea is easy to explain. Having already written a 
“popular” article on motives (Milne 2009b), I shall be brief. 

Let ~ be an adequate equivalence relation on algebraic cycles, for example, one of those 
listed on p.43. We want to define a Weil cohomology fheory fhaf is universal among fhose 
for which horn. We also wanf fo have Q as fhe field of coefficienls, buf we know fhaf 
this is impossible if we require the target category to be that of Q-vector spaces, and so we 
only ask that the target category be Q-linear and have certain other good properties. 

Fix a field k and an adequate equivalence relation ~. The category Corr.^(k) of cor¬ 
respondences over k has one objecf hV for each nonsingular projective variety over k\ ifs 
morphisms are defined by 

Hom{hV,hW) = ^Hom''{hV,hW) = x W). 

The bilinear map in (2.9) can now be wriffen 


Hom''(l/i,V2) X Hom"(l/2,F3) ^ Hom''+"(l/i,F3) 
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and its associativity means that Corr^(^) is a category. Let H he a Weil cohomology 
theory. An element of Ylom''{hV,hW) defines a homomorphism H*{V) —)■ of 

degree r. In order to have the gradations preserved, we consider the category Corr° {k) of 
correspondences of degree 0, i.e., now 

}Tom{hV,hW) = Hom°(/iL,/iW) = x W). 

Every Weil cohomology theory such that ~=^ horn factors uniquely through Corr° (^) as a 
functor to graded vector spaces. 

However, Corr® {k) is not an ahelian category. There being no good notion of an ahelian 
envelope of a category, we define .J^^{k) to be the pseudo-abelian envelope of Corr® (^). 
This has objects h{V,e) with V as before and e an idempotent in the ring x L); its 

morphisms are defined by 

iiom{h(y,e),h(W,f)) = f oYlom{hV,hW) oe. 

This is a pseudo-abelian category, i.e., idempotent endomorphisms have kernels and coker¬ 
nels. The functor 

hV ^ h{V,id): Corr° (k) ^ 

fully faithful and universal among functors from Corr° (k) to pseudo-abelian categories. 
Therefore, every Weil cohomology theory such that ~=^ horn factors uniquely through 

The category is the category of effective motives over k. It is a useful category, 

but we need to enlarge it in order to have duals. One of the axioms for a Weil cohomology 
theory requires to have dimension 1. This means that the object is invertible 

in the category of vector spaces, i.e., the functor W //^(P^) (8)g W is an equivalence of 
categories. In the object hF^ decomposes into a direct sum 

kP^ =/i°pi©/i¥\ 

and we formally invert k^P^. When we do this, we obtain a category .ff'r^{k) whose objects 
are triples h{V,e,m) with h{V,e) as before and m G Z. Morphisms are defined by 

nom{h{V,e,m),h{W,f,n)) = /oAi™('")+”-'”(l/, W) oe. 

This is the category of motives over k. It contains the category of effective motives as a full 
subcategory. 

The category Corr° (k) has direct sums and tensor products: 

hV®hW = h{VUW) 
hV^hW = h{V xW). 

Both of these structures extend to the category of motives. The functor — (8)k^(P^) is 
h{V, e,m) h{V,e,m+l), which is an equivalence of categories (because we allow negative 
m). 

Properties of the category of motives 

For the language of tensor categories, we refer the reader to Deligne and Milne 1982. 
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4.1. The category of motives is a Q-linear pseudo-abelian category. If ^=num, it is 
semisimple abelian. If ~= rat and k is not algebraic over a finite held, then it is not abelian. 

To say that is Q-linear just means that the Horn sets are Q-vector spaces and 

composition is Q-hilinear. Thus {k) is Q-linear and pseudo-ahelian hy definition. If 
~=num, the Horn sets are finite-dimensional Q-vector spaces, and the Q-algehras End(M) 
are semisimple (2.13). A pseudo-ahelian category with these properties is a semisimple 
ahelian category (i.e., an ahelian category such that every object is a direct sum of simple 
objects). For the last statement, see Scholl 1994, 3.1. 

4.2. The category of motives is a rigid tensor category. IfV is nonsingular projective 
variety of dimension d, then there is a (Poincare) duality 

h{vY ^h{V){d). 

A tensor category is a symmetric monoidal category. This means that every finite 
(unordered) family of objects has a tensor product, well defined up to a given isomorphism. 
It is rigid if every object X admits a dual object X'^. The proof of (4.2) can be found in 
Saavedra Rivano 1972, VI, 4.1.3.5. 

4.3. Assume that the standard conjecture C holds for some Weil cohomology theory. 

(a) The category .y^r^(k) is abelian if and only if ~=num. 

(b) The category .Jfnum{k) is a graded tannakian category. 

(c) The Weil cohomology theories such that hom=num correspond to hbre functors on 
the Tannakian category num{k). 

(a) We have seen (2.13) that is abelian if ~=num; the converse is proved in 

Andre 1996, Appendice. 

(b) Let V be a nonsingular projective variety over k. Let TTo, • • •, ^ 2 d be the images of the 
Kiinneth projectors in A5^[^^(V xV). We define a gradation on /#num(^) by setting 

h{V,e,my = h{V,eKr+ 2 m,m). 

Now the commutativity constraint can be modified so that 

dim{h{V,e,m))=Y,^^odimQ{eH''{V)). 

(rather than the alternating sum). Thus dim(M) > 0 for all motives M, which implies that 
■^num{k) is tannakian (Deligne 1990, 7.1). 

(c) Let ft) be a fibre functor on .^num(k). Then V (o{hV) is a Weil cohomology theory 
such that hom=num, and every such cohomology theory arises in this way. 

4.4. The standard conjectures imply that .J((num{k) has a canonical polarization. 

The notion of a Weil form can be defined in any tannakian category over Q. For example, 
a Weil form on a motive M of weight r is a map 

(j): M®M —)• 1(—r) 

with the correct parity such that the map sending an endomorphism of M to its adjoint is a 
positive involution on the Q-algebra End(M). To give a polarization on o^num(k) is to give 
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a set of Weil forms (said to be positive for the polarization) for each motive satisfying certain 
compatibility conditions; for example, if (j) and (j)' are positive, then so also are 00 0 ' and 
(p (g) (j)'. The standard conjectures (especially of Hodge type) imply that ^num(^) admits a 
polarization for which the Weil forms defined by ample divisors are positive. 

Let 1 denote the identity object in Then, almost by definition, 

Aj^(l/)~Hom(l,/i2''(L)(r)). 

Therefore V h''{V) has the properties expected of an “abstract” Weil cohomology theory. 


Alternatives to the Hodge, Tate, and standard conjectures 

In view of the absence of progress on the Hodge, Tate, or standard conjectures since they 
were stated more than fifty years ago, Deligne has suggested that, rather than attempt¬ 
ing to proving these conjectures, we should look for a good theory of motives, based on 
“algebraically-defined”, buf nof necessarily algebraic, cycles. I discuss fwo possibilities for 
such algebraically-defined of cycles. 

Absolute Hodge classes and rational Tate classes 

Consider an algebraic variety V over an algebraically closed field k of characferisfic zero. 
If k is nof loo big, Ihen we can choose an embedding a: k —C of k in C and define a 
cohomology class on k lo be Hodge relative to a if if becomes Hodge on aV. The problem 
wilh Ihis definilion is lhal if depends on Ihe choice of a. To remedy Ihis, Deligne defines a 
cohomology class on V lo be absolutely Hodge if if is Hodge relative lo every embedding 
a. The problem wilh Ihis definilion is lhal, a priori, we know little more aboul absolute 
Hodge classes lhan we do aboul algebraic classes. To give subslance lo his Iheory, Deligne 
proved lhal all relative Hodge classes on abelian varieties are absolute. Hence Ihey satisfy Ihe 
slandard conjeclures and Ihe Hodge conjeclure, and so we have a Iheory of abelian motives 
over fields of characteristic zero lhal is much as Grolhendieck envisaged il (Deligne 1982). 

However, as Deligne poinls oul, his Iheory works only in characteristic zero, which 
limils ils usefulness for arilhmelic questions. Lei A be an abelian variety over Ihe algebraic 
closure k of a finite field, and lift A in Iwo differenl ways lo abelian varieties A\ and A 2 in 
characteristic zero; lei 71 and be absolute Hodge classes on Ai and A 2 of complemenlary 
dimension; Ihen 71 and 72 define Z-adic cohomology classes on A for all primes Z, and hence 
intersection numbers (71 • 72 ); G Q/. The Hodge conjeclure implies lhal (71 • 72 ); ties in Q 
and is independenl of Z, bul Ihis is nol known. 

However, Ihe aulhor has defined Ihe notion of a “good Iheory of rational Tate classes” on 
abelian varieties over finite fields, which would extend Deligne’s Iheory lo mixed character¬ 
istic. Il is known lhal Ihere exisls al mosl one such Iheory and, if il exisls, Ihe rational Tate 
classes il gives satisfy Ihe slandard conjeclures and Ihe Tate conjeclure; Ihus, if il exisls, we 
would have a Iheory of abelian motives in mixed characteristic lhal is much as Grolhendieck 
envisaged il (Milne 2009a). 

ALMOST-ALGEBRAIC CLASSES 

4.5. Lei V be an algebraic variety over an algebraically closed field k of characteristic zero. 
An almost-algebraic class on V of codimension r is an absolute Hodge class 7 on U of 
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codimension r such that there exists a cartesian square 

r ^- V 

f 

'V 'V 

S < - Speck 

and a global section 7 of satisfying the following conditions (cf. Tate 1994, p.76), 

o S is the spectrum of a regular integral domain of finite type over Z; 

o /is smooth and projective; 

o the fibre of 7 over Spec (A:) is 7 , and the reduction of 7 at 5 is algebraic for all closed 
points 5 in a dense open subset U of S. 

If the above data can be chosen so that {p) is in the image of the natural map U —)■ SpecZ, 
then we say that 7 is almost-algebraic at p — in particular, this means that V has good 
reduction at p. 

4.6. Note that the residue field ic(s) at a closed point 5 of S is finite, and so the Kiinneth 
components of the diagonal are almost-algebraic (3.12). Therefore the space of almost- 
algebraic classes on X is a graded Q-subalgebra 

of the Q-algebra of AH*{X) of absolute Hodge classes. For any regular map f-.Y^X 
of complete smooth varieties, the maps /* and f* send almost-algebraic classes to almost- 
algebraic classes. Similar statements hold for the Q-algebra of classes almost-algebraic at 
P- 

Beyond pure motives 

In the above I considered only pure motives with rational coefficients. This theory should be 
generalized in (at least) three different directions. Let ^ be a field. 

o There should be a category of mixed motives over k. This should be an abelian 
category whose whose semisimple objects form the category of pure motives over k. 
Every mixed motive should be equipped with a weight filtration whose quotients are 
pure motives. Every algebraic variety over k (not necessarily nonsingular or projective) 
should define a mixed motive. 

o There should be a category of complexes of motives over k. This should be a triangu¬ 
lated category with a t-structure whose heart is the category of mixed motives. Each 
of the standard Weil cohomology theories lifts in a natural way to a functor from 
all algebraic varieties over ^ to a triangulated category; these functors should factor 
through the category of complexes of motives. 

o Everything should work mutatis mutandis over Z. 

Much of this was envisaged by Grothendieck.^^ There has been much progress on these 
questions, which I shall not attempt to summarize (see Andre 2004, Mazza et al. 2006, 
Murre et al. 2013). 

Certainly, Grothendieck envisaged mixed motives and motives with coefficients in Z (see the footnote on 
p.5 of Kleiman 1994 and Grothendieck’s letters to Serre and Illusie). 
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5 Deligne’s proof of the Riemann hypothesis over fi¬ 
nite fields 

Grothendieck attempted to deduce the Riemann hypothesis in arbitrary dimensions from 
the curves case,'^*’ hut no “devissage” worked for him/^ After he announced the standard 
conjectures, the conventional wisdom became that, to prove the Riemann hypothesis in 
dimension > 1, one should prove the standard conjectures.'*^ However, Deligne recognized 
the intractability of the standard conjectures and looked for other approaches. In 1973 he 
startled the mathematical world by announcing a proof of the Riemann hypothesis for all 
smooth projective varieties over finite fields.^^ How this came about is best described in the 
following conversation.^^ 

Gowers: Another question I had. Given the clearly absolutely remarkable nature of 
your proof of the last remaining Weil conjecture, it does make one very curious to know what 
gave you the idea that you had a chance of proving it at all. Given that the proof was very 
unexpected, it’s hard to understand how you could have known that it was worth working on. 

Deligne: That’s a nice story. In part because of Serre, and also from listening to 
lectures of Godement, I had some interest in automorphic forms. Serre understood that the 
in the Ramanujan conjecture should have a relation with the Weil conjecture itself. A 
lot of work had been done by Eichler and Shimura, and by Verdier, and so I understood the 
connection between the two. Then I read about some work of Rankin, which proved, not 
the estimate one wanted, but something which was a 1/4 off — the easy results were 1/2 
off from what one wanted to have. As soon as I saw something like that I knew one had to 
understand what he was doing to see if one could do something similar in other situations. 
And so I looked at Rankin, and there I saw that he was using a result of Landau — the idea 
was that when you had a product defining a zeta function you could get information on the 
local factors out of information on the pole of the zeta function itself. The poles were given 
in various cases quite easily by Grothendieck’s theory. So then it was quite natural to see 
what one could do with this method of Rankin and Landau using that we had information 
on the pole. I did not know at first how far I could go. The first case I could handle was 
a hypersurface of odd dimension in projective space. But that was a completely new case 

'^^Serre writes (email July 2015): 

He was not the first one. So did Weil, around 1965; he looked at surfaces, made some compu¬ 
tations, and tried (vainly) to prove a positivity result. He talked to me about it, but he did not 
publish anything. 

have no comments on your attempts to generalize the Weil-Castelnuovo inequality...; as you know, I have 
a sketch of a proof of the Weil conjectures starting from the curves case.” (Grothendieck, Grothendieck-Serre 
Correspondence, p.88, 1959). Grothendieck hoped to prove the Weil conjectures by showing that every variety is 
birationally a quotient of a product of curves, but Serre constructed a counterexample. See Grothendieck-Serre 
Correspondence, pp. 145-148, 1964, for a discussion of this and Grothendieck’s “second attack” on the Weil 
conjectures. 

'^^“Pour alter plus loin et generaliser completement les resultats obtenus par Weil pour le cas n= 1, il faudrait 
prouver les proprietes suivantes de la cohomologie f-adique ... [the standard conjectures]” Dieudonne 1974, IX 
n°19, p. 224. 

A little earlier, he had proved the Riemann hypothesis for varieties whose motive, roughly speaking, lies in 
the category generated by abelian varieties (Deligne 1972). 

'^^This is my transcription (slightly edited) of part of a telephone conversation which took place at the ceremony 
announcing the award of the 2013 Abel Prize to Deligne. 
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already, so then I had confidence that one could go all the way. It was just a matter of 
technique. 

Gowers : It is always nice to hear that kind of thing. Certainly, that conveys the idea 
that there was a certain natural sequence of steps that eventually led to this amazing proof. 

Deligne: Yes, but in order to be able to see those steps it was crucial that I was not 
only following lectures in algebraic geometry but some things that looked quite different 
(it would be less different now) the theory of automorphic forms. It was the discrepancy in 
what one could do in the two areas that gave the solution to what had to be done. 

Gowers: Was that just a piece of good luck that you happened to know about both 
things. 

Deligne (emphatically): Yes. 


Landau, Rankin, and the Ramanujan conjecture 

Landau’s theorem 


Consider a Dirichlet series D{s) = Cnn^^- Recall that there is a unique real number 
(possibly oo or — oo) such that D{s) converges absolutely for 9^ (.s') > ao and does not converge 
absolutely for 9^(s) < ao. Landau’s theorem states that, if the c„ are real and nonnegative, 
then D{s) has a singularity at s = ao. For example, suppose that 


D 


» = L Cn. 

n> 1 


n = 


p prime ' 




if the Cn are real and nonnegative, and converges absolutely for 9^(s) > ao, then 

\ap,j\<p''\ allp,;. 


Ramanujan’S conjecture 

Let / = Ln>i c{n)q'^, c(l) = 1, be a cusp form of weight 2k which is a normalized eigen¬ 
function of the Hecke operators T{n). For example, Ramanujan’s function 


n=l n=l 


is such function of weight 12. Let 


n—l 

be the Dirichlet series associated with /. Because / is an eigenfunction 


pILc^-<p)p " + P^^ ^ 

Write 

(1 -c(p)r+/^-ir2 = (1 -apr)(i -a;r). 
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The Ramanujan-Petersson conjecture says that ap and a'p are complex conjugate. As apa'p = 
this says that 

\ap\ = 

equivalently, 

|c(?i)| < 

For / = A, this becomes Ramanujan’s original conjecture, |t(p)| < 2pT. Hecke showed 
that, for a cusp form / of weight 2k, 

|c(n)| = 0{n^). 

There is much to be said about geometric interpretations of Ramanujan’s function — see 
Serre 1968 and the letter from Weil to Serre at the end of the article. 


Rankin’S theorem 


Let / = be a cusp form of weight 2k, and let ,^{s) = ^„>i |c(?i)|^n~'*. Ran ki n 

(1939) shows that ,^{s) can be continued to a meromorphic function on the whole plane 
with singularities only ats = k and s = k—l^^ Using Landau’s theorem, he deduced that 

|c(n)| 


A REMARK OF LANGLANDS 

Langlands remarked (1970, pp.21-22) that Rankin’s idea could be used to prove a generalized 
Ramanujan conjecture provided one knew enough about the poles of a certain family of 
Dirichlet series."^^ 

Given an automorphic representation tt = (g) Tip of an algebraic group G and a represen¬ 
tation a of the corresponding L-group, Langlands defines an L-function 

r ^ 'I m{X) 

L{s, a, tt) = n j (power of n) • (F-factor) • Y[ ^ \ -s \ 

I [ p prime ^ ^VpjP ) 

Flere A runs over certain characters, m(A) is the multiplicity of A in a, and {tp} is the 
(Frobenius) conjugacy class attached to Tip. Under certain hypotheses, the generalized 
Ramanujan conjecture states that, for all A and p, 

\X{tp)\ = l. 

Assume that, for all a, the L-series L{s,o, 7i) is analytic for > 1. The same is then 

def r 1 1 Wi(A) 

true of D{s,(j) = Ha | Op prime i-A(r )p-» j because the F-function has no zeros. Let 

o = p®p. The logarithm of D{s,o) is As 

trace o''{tp) = trace p^{tp) - trace p^{tp) = |trace p"{tp)\^, 

■^^Selberg did something similar about the same time. Their approach to proving the analytic continuation of 
convolution L-functions has become known as the Rankin-Selberg method. 

^®“The remark about the consequences of functoriality for Frobenius-Hecke conjugacy classes of an automor¬ 
phic representation, namely that their eigenvalues are frequently all of absolute value of 1, occurred to me on a 
train platform in Philadelphia, as I thought about the famous Selberg-Rankin estimate. ” Langlands 2015, p.200 
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the series for logD(5,a) has positive coefficients. The same is therefore true of the series 
for D{s, a). We can now apply Landau’s theorem to deduce that \X{tp)\ < p. If A occurs in 
some a, we can choose p so that mX occurs in p. Then {mX){tp) = X{tp)"‘ is an eigenvalue 
of p{tp) and X{tp) is an eigenvalue of p; hence |A(tp)p™ is an eigenvalue of a, and 
|A(tp)| < for all m. On letting m —)■ oo, we see that \X{tp)\ < 1 for all X. Replacing X 
with —X, we deduce that \X{tp) \ = 1. 

Note that it is the flexihility of Langlands’s construction that makes this kind of argument 
possible. According to Katz (1976, p.288), Deligne studied Ran ki n’s original paper in an 
effort to understand this remark of Langlands. 

Grothendieck’s theorem 

Let (/ he a connected topological space. Recall that a local system of Q-vector spaces on 
U is a sheaf S on U that is locally isomorphic to the constant sheaf Q” for some n. For 
example, let /: F —)> (/ he a smooth projective map of algebraic varieties over C; for r > 0, 
R''f*Q is a locally constant sheaves of Q-vector spaces with fibre 

for all u ^ U (C). Fix a point o €U. There is a canonical (monodromy) action p of 7ii{U,o) 
on the finite-dimensional Q-vector space S’o, and the functor ro (S’o,p) is an equivalence 
of categories. 

Now let U he a connected nonsingular algebraic variety over a field k. In this case, there 
is a notion of a local system of Qi-vector spaces on U (often called a smooth or lisse sheaf). 
For a smooth projective map of algebraic varieties f'.V^U and integer r, the direct image 
sheaf R''f*Qe on L is a locally constant sheaf of Q^-vector spaces with fibre 

(R’'me)u^H’-(Vu,Qe) 


for all u£U. 

The etale fundamental group Ki (U) of U classifies the finite etale coverings of Let 
S he a local system on U, and let E = Snhe its fibre over the generic point rj of U. Again, 
there is a “monodromy” action p of tti (U) on the finite-dimensional Q^-vector space E, and 
the functor S (E,p) is an equivalence of categories. 

Now let Lo be a nonsingular geometrically-connected variety over finite field ko; let k be 
an algebraic closure of ko, and let U = (Thfju- Then there is an exact sequence 

0 ^ TTi (U) Til (Uo) Gal(k/ko) ^ 0. 

The maps reflect the fact that a finite extension k'/k^ pulls back to a finite covering U' ^Uq 
of Uq and a finite etale covering of Lq pulls back to a finite etale covering of U. 

Let S he a local system of Q^-vector spaces on Uq- Grothendieck (1964)'*^ proved the 
following trace formula 

I„e|j/|>^Tr(7r„ I S,) = £^(-irTr(7r | H,^(U,S)). (32) 

When the base field is C, the topological fundamental group of V™ classifies the covering spaces of V™ (not 
necessarily finite). The Riemann existence theorem implies that the two groups have the same finite quotients, 
and so the etale fundamental group is the profinite completion of the topological fundamental group. 

^^In fact, Grothendieck only sketched the proof of his theorem in this Bourbaki talk, but there are detailed 
proofs in the literature, for example, in the author’s book on etale cohomology. 
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Here \U\ denotes the set of closed points of U, 7r„ denotes the local Frobenius element acting 
on the fibre S’u of S at u, and % denotes the reciprocal of the usual Frobenius element of 
Ga\{k/kQ). Let 

Z(f/o, A, T) = ^ det(l-7r„rdegM |^„)’ 

written multiplicatively, (32) becomes 

Z{Uo,^o,T) = nrdet(l - nT I //;([/,(33) 

(cf. (25), p.28). For the constant sheaf (33) becomes ((28), p.34). Grothendieck proves 
(32) by a devissage to the case that U is of dimension 1 

We shall need (33) in the case that Uq is an affine curve, for example. A'. In this case it 
becomes 

pr 1 _ detjl-nT\H}{U,E)) 

Jl4|det(l-7r„rdegW|^„) det(l-7rr|A^,(f,)(-l))- 

Here is the largest quotient of E on which Tl\{U) acts trivially (so the action of Tii(I/ q) 
on it factors through Gal(k/ko)). 


Proof of the Riemann hypothesis for hypersurfaces of odd degree 

Following Deligne, we first consider a hypersurface Vq in of odd degree d. For a 
hypersurface, the cohomology groups coincide with those of the ambient space except in the 
middle degree, and so 


Z{V,T) 


Pd{V,T) 

f-T)il-qT)---il-q‘^Ty 


with PfV, T) = det(l - nT \ H‘^ {V. Note that 


pfv, T) = Z(F, r)(i - r) • • • (1 - /r) e q[T]. 


We embed our hypersurface in a one-dimensional family. The homogeneous polynomials 
of degree 5 ind + 2 variables, considered up to multiplication by a nonzero scalar, form a 
projective space with N = [ ). There is a diagram 


H ' - > X 



in which the fibre Hp over a point P of P^(k) is the hypersurface (possibly reducible) in 
defined by P. Let Pq be the polynomial defining Vq- We choose a “general” line through 
Po in and discard the finitely many points where the hypersurface is singular of not 
connected. In this way, we obtain a smooth projective map /: Uq CF^ whose fibres 

are hypersurfaces of degree 5 in P^+*; let o E Uq be such that the fibre over o is our given 
hypersurface Vq- 

^^This proof of the rationality of the zeta function of an arbitrary variety is typical of Grothendieck: find a 
generalization that allows the statement to be proved by a “devissage” to the (relative) dimension one case. 
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Let S’o = R‘^f*Qi and let E denote the corresponding 7i\ (17o)-niodule. Then 

7tU f T\=U 1 det(l-gr|Hj(C/,£)) 

det(l-ir I £„„,(-!))■ 

There is a canonical pairing of sheaves 


(35) 




■R^‘^U 


-d) 


which, on each fibre becomes cup product 

X ^ Qd-d). 

This gives a pairing 

y/: E{) X Eq ^ Q^(—^/) 

which is skew-symmetric (because d is odd), non-degenerate (by Poincare duality for the 
geometric generic fibre of /), and Ti\ (f7o)-invarianf (because if arises from a map of sheaves 
on Uq). Deligne proves fhat, if fhe line through Pq in is chosen to be sufficiently general,^® 
then the image of 7i\{U) in Sp(£', yr) is dense for the Zariski topology (i.e., there is “big 
geometric monodromy”). Thus the coinvariants of 7i\ {U)mE are equal to the coinvariants 
of Sp(£', yr), and the invariant theory of the symplectic group is well understood. 

Note that 

logZ(f/o,A,r)= £ £Tr«|£„)^- 

i/6|t/o| « ” 

The coefficients Tr(7r” | Eu) are rational. When we replace S’o with we replace 

Tdn^ I Eu) with 

Tr«|£f“)=Tr«|^»)''” 

which is > 0. 

To apply Landau’s theorem, we need to find the poles of which, 

according to Grothendieck’s theorem (see (35)) are equal to the zeros of det(l — kT \ 
([/)(-!))■ Note that 

Hom(£®2-^Q^)Sp(v^) ^ 

The map 

^ Qi{-dm) 

is invariant under Sp(yr), and Hom(£'®^'”,Q^)^P('^) has abasis of maps {/i,... j/^jobtained 
from this one by permutations. The map 

a ^ (/i (fl),... ,/M(a)): ^ q,{-dm)^ (36) 

induces an isomorphism 

TheFrobenius element K G Gal(k/^o) acts on qd—md) as and so it acts on£'®^™^j(—1) 
as < 7 '”^+^. We can now apply Landau’s theorem to deduce that 

|^2m| <^md+I 

for every eigenvalue a of tZq acting on (fo = H^{Vo,Qe)- On taking the 2mth root and letting 
m —)■ oo, we find that |a| < As q‘^/a is also an eigenvalue of Kq on //^(Vb,Qr)> we 
deduce that |o;| = 

^^This may require a finite extension of the base field ko. 
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Proof of the Riemann hypothesis for nonsingular projective varieties 

We shall prove the following statement hy induction on the dimension of Vq. According to 
the discussion in (2.7), it completes the proof of Conjectures W1-W4. 

Theorem 5.1. Let Vq be an nonsingular projective variety over F^. Then the eigenvalues 
of 71 acting on H’'{V,Qi) are algebraic numbers, all of whose complex conjugates have 
absolute value 

The main lemma (restricted form) 

The following is abstracted from the proof of Riemann hypothesis for hypersurfaces of odd 
degree. 

Main Lemma 5.2. Let Sq be a local system ofQi-vector spaces on Uq, and let E be the 
corresponding 7ti{Uo)-module. Eetd be an integer. Assume: 

(i) (Rationality.) For all closed points u G Uq, the characteristic polynomial of Tt^ acting 
on S’u has rational coefficients. 

(ii) There exists a nondegenerate 7t\ (Uq) -invariant skew-symmetric form 

i/r: F X F — )■ Qe(—d). 

(hi) (Big geometric monodromy.) The image of 7ii (U) in Sp(E, y) is open. 

Then: 

(a) Eor all closed points u € Ug, the eigenvalues ofrtu acting on have absolute value 

(^degM)tt/2^ 

(h) The characteristic polynomial of 7t acting on H). (U,S) is rational, and its eigenvalues 
all have absolute value < 

Proof. As before, F®^™^ is isomorphic to a direct sum of copies of Qf—md), from which 
(a) follows. Now (b) follows from (34). □ 


A REDUCTION 

Proposition 5.3. Assume that for all nonsingular varieties Vq of even dimension over F^, 
every eigenvalue a of 7t on //‘^™'^(y,Qf) is an algebraic number such that 

dimP 1 ,. dimy 1 1 

q ^ z < |a I < ^ 2 +z 

for all complex conjugates a’ of a. Then Theorem 5.1 holds for all nonsingular projective 
varieties over¥q. 


Proof. Let Vq be a smooth projective variety of dimension d (not necessarily even) over 
¥q, and let a be an eigenvalue of 7t on H'^{V,Qi). The Kunneth formula shows that a™ 
occurs among the eigenvalues of 7t acting on H‘^"‘(V'^,Qi) for all m G N. The hypothesis in 
the proposition applied to an even m shows that 




< a 


f\m 


<q 


md I 1_ 
2 2 
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for all conjugates a' of a. On taking the mth root and letting m tend to infinity over the even 
integers, we find that 

\a\=q^. 

Now let a be an eigenvalue of n acting on H''{V,Qi). If r> d, then is an eigenvalue 
of 71 acting on 

because K acts as 1 on H^{V,Qi). Therefore is algebraic and \ a‘^\ =q’i, and similarly for 
its conjugates. The case r <d can be treated similarly using that 7i acts as q‘^ on H'^‘^{V,Q_t), 
or by using Poincare duality. □ 

Completion of the proof 

To deduce Theorem 5.1 from (5.2), Deligne uses the theory of Lefschetz pencils and their 
cohomology (specihcally vanishing cycle theory and the Picard-Lefschetz formula). In 
the complex setting, this theory was introduced by Picard for surfaces and by Lefschetz 
(1924) for higher dimensional varieties. It was transferred to the abstract setting by Deligne 
and Katz in SGA 7 (1967-1969). Deligne had earlier used these techniques to prove the 
following weaker result: 

let Vb be a smooth projective variety over a finite field Rq of odd characerisfic fhaf 
lifls, fogether with a polarization, to characteristic zero. Then the polynomials 
det(l — tiT I H’'{V,Qi)) have integer coefficients independent of £ (Verdier 
1972). 

Thus, Deligne was already an expert in the application of these methods to zeta functions. 

Let y be a nonsingular projective variety V of dimension d >2, and embed V into a 
projective space P”’. The hyperplanes H: = 0 in P™ form a projective space, called 

the dual projective space P™. A pencil of hyperplanes is a line D = {aH^ + j8//oo | (o;: j3) G 
P' (k)} in P'”. The axis of the pencil is 

Such a pencil is said to be a Lefschetz pencil for V if (a) the axis A of the pencil cuts V 
transversally; (b) the hyperplane sections y = y PlD, are nonsingular for all t in some open 
dense subset U of D; (c) for all t ^U, the hyperplane section y has only a single singularity 
and that singularity is an ordinary double point. Given such a Lefschetz pencil, we can blow 
y up along the A n y to obtain a proper flat map 

/: V* 

such that the fibre over t in D is y = y n//;. 

We now prove Theorem 5.1 (and hence the Riemann hypothesis). Let Vq be a nonsingular 
projective variety of even dimension d >2 over a finite field Icq. Embed Vb in a projective 
space. After possibly replacing the embedding with its square and Icq with a finite extension, 
we may suppose that there exists a Lefschetz pencil and hence a proper map /: Vq —)• D = 
Recall (5.3) that we have to prove that 
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for all eigenvalues a on H‘^{V,Qi). It suffices to do this with Vq replaced hy Vq*. From the 
Leray spectral sequence, 


we see that it suffices to prove a similar statement for each of the groups 

H\F\R‘^-^mi), H\F\R‘^mi). 

The most difficult group is the middle one. Here Deligne applies the Main Lemma to a 
certain quotient suhquotient ^ of The hypothesis (i) of the Main Lemma is true 

from the induction hypothesis; the skew-symmetric form required for (ii) is provided hy 
an intersection form; finally, for (iii), Deligne was able to appeal to a theorem of Kazhdan 
and Margulis. Now the Main Lemma shows that |a| < for an eigenvalue of 7l on 

H^{F^ and a duality argument shows that < |o:|. 

Notes. Deligne’s proof of the Riemann hypothesis over finite fields is well explained in his original 
paper (Deligne 1974) and elsewhere. There is also a purely p-adic proof (Kedlaya 2006). 


Beyond the Riemann hypothesis over finite fields 

In a seminar at IHES, Nov. 1973 to Feh. 1974, Deligne improved his results on zeta functions. 
In particular he proved stronger forms of the Main Lemma. These results were published in 
Deligne 1980, which has become known as Weil II. Even beyond his earlier results on the 
Riemann hypothesis, these results have found a vast array of applications, which I shall not 
attempt to summarize (see the various writings of Katz, especially Katz 2001, and the book 
Kiehl and Weissauer 2001). 


6 The Hasse-Weil zeta function 

The Hasse-Weil conjecture 

Let F be a nonsingular projective variety over a number field K. Eor almosf all prime ideals 
p in (called good), V defines a nonsingular projective variety V (p) over the residue field 
^•(p) = Define the zeta function of V to be 

For example, if F is a point over Q, then is the original Riemann zeta function 

Wp ^fip-s ■ Using the Riemann hypothesis for the varieties F (p), one sees that the that the 
product converges for 9^(5) > dim(F) + 1. It is possible to define factors corresponding to 
the bad primes and the infinite primes. The completed zeta function is then conjectured to 
extend analytically to a meromorphic function on the whole complex plane and satisfy a 
functional equation. The function ^ (F, s) is usually called the Hasse-Weil zeta function of F, 
and the conjecture the Hasse-Weil conjecture. 

More precisely, let r be a natural number. Serre (1970) defined: 

(a) polynomials FV(U(p),r) GZ[r] for each good prime (namely, those occurring in the 
zeta function for F(p)); 
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(b) polynomials Qp{T) G Z[r] for each bad prime p; 

(c) gamma factors Fv for each infinite prime v (depending on the Hodge numbers of 
V ®kKy, 

(d) a rational number A > 0. 


Set 


«s)=A'/2. P[ 
p good 


1 

P,(F(p),iVp-i) 


n 

p bad 


1 

<2p(A^p-') 


n rv(^). 

V infinite 


The Hasse-Weil conjecture says that extends to a meromorphic function on the whole 
complex plane and satisfies a functional equation 


^{s) = w^{r+l — s), w = ±l. 


History 

According to Weil’s recollections (CEuvres, II, p.529),^^ Hasse defined the Hasse-Weil zeta 
function for an elliptic curve Q, and set the Hasse-Weil conjecture in this case as a thesis 
problem! Initially, Weil was sceptical of the conjecture, but he proved it for curves of 
the form T™ = aA” -|- b over number fields by expressing their zeta functions in terms of 
Hecke L-functions.^^ In particular, Weil showed that the zeta functions of the elliptic curves 

= aX^ + b and = aX^ + b can be expressed in terms of Hecke L-functions, and he 
suggested that the same should be true for all elliptic curves with complex multiplication. 
This was proved by Deuring in a “beautiful series” of papers. 

Deuring’s result was extended to all abelian varieties with complex multiplication by 
Shimura and Taniyama and Weil. 

In a different direction, Eichler and Shimura proved the Hasse-Weil conjecture for elliptic 
modular curves by identifying their zeta functions with the Mellin transforms of modular 
forms. 

Wiles et al. proved Hasse’s “thesis problem” as part of their work on Fermat’s Last 
Theorem (for a popular account of this work, see Darmon 1999). 


Automorphic L-functions 

The only hope one has of proving the Hasse-Weil conjecture for a variety is by identifying 
its zeta function with a known function, which has (or is conjectured to have) a meromorphic 
continuation and functional equation. In a letter to Weil in 1967, Langlands defined a vast 
collection of L-functions, now called automorphic (Langlands 1970). He conjectures that all 
L-functions arising from algebraic varieties over number fields (i.e., all motivic L-functions) 

^'Peu avant la guerre, si mes souvenirs sont exacts, G. de Rham me raconta qu’un de ses etudiants de Geneve, 
Pierre Humbert, etait alle a Gottingen avec Pintention d’y travailler sous la direction de Hasse, et que celui-ci lui 
avait propose un probleme sur lequel de Rham desirait mon avis. Une courbe elliptique C etant donnee sur le 
corps des rationnels, il s’agissait principalement, il me semble, d’etudier le produit infini des fonctions zeta des 
courbes Cp obtenues en reduisant C modulo p pour tout nombre premier p pour lequel Cp est de genre 1; plus 
precisement, il fallait rechercher si ce produit possede un prolongement analytique et une equation fonctionnelle. 
J’ignore si Pierre Humbert, ou bien Hasse, avaient examine aucun cas particulier. En tout cas, d’apres de Rham, 
Pierre Humbert se sentait decourage et craignait de perdre son temps et sa peine. 

^^Weil also saw that the analogous conjecture over global function fields can sometimes be deduced from the 
Weil conjectures. 
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can be expressed as products of automorphic L-functions.^^ The above examples and results 
on the zeta functions of Shimura varieties have made Langlands very optimistic: 

With the help of Shimura varieties mathematicians certainly have, for me, 
answered one main question: is it possible to express all motivic L-functions as 
products of automorpbic L-functions? The answer is now beyond any doubt, 
“Yes!”. Although no general proof is available, this response to the available 
examples and partial proofs is fully justified.^^ (Langlands 2015, p.205.) 

The functoriality principle and conjectures on algebraic cycles 

As noted earlier, Langlands attaches an L-function L{s, a, 7i) to an automorphic representa¬ 
tion TT of a reductive algebraic group G over Q and a representation a of the corresponding 
L-group ^G. The functoriality principle asserts that a homomorphism of L-groups —)> ^G 

entails a strong relationship between the automorphic representations of H and G. This 
remarkable conjecture includes the Artin conjecture, the existence of nonabelian class field 
theories, and many other fundamental statements as special cases. And perhaps even more. 

Langlands doesn’t share the pessimism noted earlier concerning the standard conjectures 
and the conjectures of Hodge and Tate. He has suggested that the outstanding conjectures 
in the Langlands program are more closely entwined with the outstanding conjectures on 
algebraic cycles than is usually recognized, and that a proof of the first may lead to a proof 
of the second. 

I believe that it is necessary hrst to prove functoriality and then afterwards, 
with the help of the knowledge and tools obtained, to develop a theory of 
correspondences and simultaneously of motives over Q and other global fields, 
as well as (Langlands 2015, p.205). 

In support of this statement, he mentions two examples (Langlands 2007, 2015). The 
first, Deligne’s proof of the Riemann hypothesis over finite fields, has already been discussed 
in some defail. I now discuss fhe second example. 

The problem 

Lef A be a polarized abelian variety with complex multiplication over The theory of 
Shimura and Taniyama describes the action on A and its torsion points of the Galois group 
of over the reflex held of A. In the case that A is an elliptic curve, the rehex held is a 
quadratic imaginary held; since one knows how complex conjugation acts, in this case we 

perhaps there should even be an identification of the tannakian category defined by motives with a sub¬ 
category of a category defined by automorphic representations. (“Wenn man sich die Langlands-Korrespondenz 
als eine Identifikation einer dutch Motive definierten Tannaka-Kategorie mit einer Unterkategorie einer dutch 
automorphe Darstellungen definierten Kategorie vorstellt... ” Langlands 2015, p.201.) 

^^Mit Hilfe der Shimuravarietaten haben die Mathematiker gewiB eine, fur mich, Hauptfrage beantwortet: 
wird es mdglich sein, alle motivischen L-Funktionen als Produkte von automorphen L-Funktionen auszudriicken? 
Die Antwort ist jetzt zweifellos, “Ja!”. Obwohl kein allgemeiner Beweis vorhanden ist, ist diese Antwort von 
den vorhanden Beispielen und Belegstucken her vdllig berechtigt. 

^^Ich habe schon an verschiedenen Stellen behauptet, daBes meines Erachtens ndtig ist, erst die Funktorialitat 
zu beweisen und dann nachher, mit Hilfe der damit erschlossenen Kenntnisse und zur Verfugung gestellten 
Hilfsmittel, eine Theorie der Korrespondenz und, gleichzeitig, der Motive, fiber Q und anderen globalen Kdrper, 
sowie fiber C zu begrfinden. 
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have a description of how the full Galois group Ga^Q^'YQ) acts. Is it possible to find such a 
description in higher dimensions? 

Shimura studied this question, but concluded rather pessimistically that “In the higher¬ 
dimensional case, however, no such general answer seems possible.” However, Grotben- 
dieck’s theory of motives suggests the framework for an answer. The Hodge conjecture 
implies the existence of tannakian category of CM-motives over Q, whose motivic Galois 
group is an extension 

Gal(Q^VQ) ^ 1 

of Gal(Q^*/Q) (regarded as a pro-constant group scheme) by tbe Serre group S (a certain 
pro-torus); etale cohomology defines a section to T —)■ Gal(Q^'/Q) over the finite adeles. 
Let us call this entire system the motivic Taniyama group. This system describes how 
Gal(Q®YQ) acts on CM abelian varieties over Q and their torsion points, and so the problem 
now becomes that of giving an explicit description of the motivic Taniyama group. 

The solution 

Shimura varieties play an important role in the work of Langlands, both as a test of his ideas 
and for their applications. For example, Langlands writes (2007): 

Endoscopy, a feature of nonabelian harmonic analysis on reductive groups over 
local or global fields, arose implicitly in a number of contexts... It arose for me 
in the context of the trace formula and Shimura varieties. 

Langlands formulated a number of conjectures concerning the zeta functions of Shimura 
varieties. 

One problem that arose in his work is the following. Let S{G,X) denote the Shimura 
variety over C defined by a Shimura datum {G,X). According to the Shimura conjecture 
S{G,X) has a canonical model S{G,X)e over a certain algebraic subfield E of C. The 
F-factor of the zeta function of S{G,X)e at a complex prime v. E ^ depends on the 
Hodge theory of the complex variety v{S{G,X)e). For the given embedding of E in C, 
there is no problem because v{S{G,X)e) = S{G,X), but for a different embedding, what is 
v{S{G,X)E)'i This question leads to the following problem: 

Let a be an automorphism of C (as an abstract field); how can we realize 
gS{G,X) as the Shimura variety attached to another (explicitly defined) Shimura 
datum (G',A')? 

In his Corvallis talk (1979), Langlands states a conjectural solution to this problem. 
In particular, he constructs a “one-cocycle” which explains how to twist (G,X) to obtain 
{G',X'). When he explained his construction to Deligne, the latter recognized that the 
one-cocycle also gives a construction of a conjectural Taniyama group. The descriptions 
of the action of Gal(Q®yQ) on CM abelian varieties and their torsion points given by the 
motivic Taniyama group and by Langlands’s conjectural Taniyama group are both consistent 
with the results of Shimura and Taniyama. Deligne proved that this property characterizes 
the groups, and so the two are equal. This solves the problem posed above. 

Concerning Langlands’s conjugacy conjecture itself, this was proved in the following 
way. For those Shimura varieties with the property that each connected component can be 
described by the moduli of abelian varieties, Shimura’s conjecture was proved in many cases 
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by Shimura and his students and in general by Deligne. To obtain a proof for a general 
Shimura variety, Piatetski-Shapiro suggested embedding the Shimura variety in a larger 
Shimura variety that contains many Shimura subvarieties of type Ai. After Borovoi had 
unsuccessfully tried to use Piatetski-Shapiro’s idea to prove Shimura’s conjecture directly, the 
author used it to prove Langlands’s conjugation conjecture, which has Shimura’s conjecture 
as a consequence. No direct proof of Shimura’s conjecture is known. 


Epilogue 

Stepanov (1969) introduced a new elementary approach for proving the Riemann hypothesis 
for curves, which requires only the Riemann-Roch theorem for curves. This approach was 
completed and simplified by Bombieri (1974) (see also Schmidt 1973). 

How would our story have been changed if this proof had been found in the 1930s? 
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THE INSTITUTE FOR ADVANCED STUDY 

PRINCETON, NEW JERSEY 


Le 12 fevrler I960. 


SCHOOL OF MATHEMATICS 


Mon Cher Serre, 


Soit V une varl^t^ (complete, non singuliere) pia polarisee; 
soit f un morphisme de V dans V, multipliant la claase fondamen- 
tale par q = q(f) ; soit '£ = E(f,d) 1 'endomorphlsme determine par f 
sur le groups d’homologie de V de dimension topologique d; soit 
F(t) = le polynome caracteristique de E, det(l - t.E) . 

Comme tu I'as savamment demontre, les racines de F(t) sont de 
valeur absolue 

Admettons qu'il exists V, definie sHxxias sur Z, avec la 
mirifique propriete suivante: si on reduit V modulo p, et qu•on 
prenne d = 11, et f = morphisme de Frobenius pour V reduite mod.p, 
alors F(t) = 1 -'r'(p).t + p’^t^, avec T'(p) = fonction de 
Ramanujan. II est connu que celle-ci sAtisfait des congruences 
remarquables, que Je vais ecrire h, ma maniere. Posons, pour un p 
donne et un i quelconque, q = p^, f^= (i-ieme iteree de Fro¬ 
benius, i.e. Frobenius sur le corps^g q Elements), F^ = F„ ..(t). 

D T ‘ ‘ 

F (1) 5 0 (2^) si p 2; 


Alors on a; F (1) =0 (691); 


Fq( 1 ) =0 (23 


si (q/ 23 ) = -1 (symbols de residu quadratique; je ne trouve pas 
d'indication dans la litterature pour les autres valeurs de q); 
q.Fq(q-’) = 0 (5^.7); q^.Fq(q"2) = 0 (3^). Autant que je sais, 
c'est la llste complete des congruences connues. 

Questions: (a) peut-on demontrer, dans le cas classlque, des 
congruences pour F(t), qui alent l*allure generals de celles que 
Je vlens d'ecrire ? (b) peut-on, en partant de Ig, deviner ce que 
pourrait etre une variete V correspondant a la fonction de Rama¬ 
nujan de la maniere decrite cl-dessus ? 

A noter que 691 est le numerateur de Bg , et que le produit 
23•691 apparalt dans la formula de Milnor sur le nombre de struc¬ 
tures dlfferentiables sur 3^^ I Comme Hirzebruch me dlt que 691 
n'apparait qu*g partir de la dimension topologique 24, cela sug- 
gere que la "variete de Ramanujan" pourrait avoir la dimension 12 

(??? blen entendu, est lie g ^ qui est und forme modulaire 
de degre 12 comme chacun salt). 

Meilleures amities A.W. 

Letter from Weil to Serre eoneerning the “variete de Ramanujan”. 



